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CORRBCTIOKS/i!XHiAJ8fA3!ICBK5 MADE Wn S!0 CSRJAlIf OBSSETAflOffS M TEE POUBIQK 
BXi»MIItSR mmm THE HEip « CO»DBRinil& SEfiUiS OF 5REBEa3JA3?IOH AJfD COHTEWE 
I H tHB fHBSIS ^^ COHfRIBOflOl^ TO rMimim OF (810Ui»S^' BY ElMKSHfA^ 
1, 3?a3:a 1 i "P&m 33, 4tli line t imep: after ^|0t « 18' t ^^atnoe If w 
aisprot© th0 existono© of ^ jt.'t any v^ oXtie 0 > 1, ^ Jxaye done'l 
Fara 2 i 3?a@e 54» IBth i i m | ^yeiqt after *4* i ^^(2,3 are irrela^Wit 
since the groups of order 2 and 3 belong to the i^artety generated Igr 
the groi:^  of <»?der 6) -
3^3?a 3 8 genlaee ^^ since .••• holds^* from iihe lact lino of page 33 
to tlie firot four lines of pogo 34* 'by the folloaingi 
^^  in caae when p Is even aaa q i s an odd prlae, the lasr 
fXfy]^ istplies tb© lasr |jx»3^tfis,wlj I again v^<m. p i e odd tsnd q 
i s an own prime, tha law [s* ,^ ^ iaaplieo the law [Ds»y3»[2»wjj**. 
2. Bai* 11 Pa®e 38, 5th line | 4^e.r;t after ^(i;®|a'i ^^eince tbe 
Qinimta espoajeat law holding in the variety generated hy a 2-groap 
i s x^ « lj* 
Para 2 i Pags 38, 11th line | B^lete [ > (^X), x] 
Since 
i f (a, h, c» d) M (a|, h^ » e^t d )^ then each coox!dinate of (a,h,c,d) 
eqtiuas the eorrespondiag coordinates of (at, K , e^, d.) giving ziae 
to the equality of fully inTariant subgroups S and H^  aeaoeiated 
with these quadxv^lets. Consequently var (FA) >• var(PA«)< »» 
* 2 • 
3* Para 1 i Page 53a I6th and 17th lines, asgsi leXAg iMJlHoSS 
Ig . see ooimter example 4«3*2 pro^ rtded now in thio cozi?eoti09i VLB% 
Faa?a 2 t Paga 65 « ^ ^ ** i • I " ^%,olaQ.e....^  *^ S ** Ip '* ^^ 
tlie 5tlj 3Lln@« Furtljej? ^ , ^ < * i*lch furtlaer aeeerto | « | "** 4a 
Ulaoa of *^  I Is largest, liene© J « ^ ^*t in tlie tth line. 
Fara 5 t Pag© 64* Jpepl^ oa lines 1 2 - 1 4 eoactitatiag countexw-
asajapla 4.3*1 by the foUowiag J 
Oa^ yrHssJISg^ iJa 4.3,1 « l,0t g - ^ l g f | « i 2 ' % ^ » ^ I * * 2 6 
then (g ir | ) / g * gg, ^ f « J^g « | . KJUOO , 
Also geplace en lOie pam^  p^i^ the linen P0-.22 cenatitut.^jig counter 
exmsple 4.3.2 by the following i 
O^ni^^ ,^ xffag;if 4.3.2 t I ^ t l - j ^ l ^ v l ^ l j ' I ^ i a ^ ® ^ 
I . I 3 I 2 than a / ( | T | ) *. | . g / | « I3 fe a n d g / l - fe I5 
henot ^ ( J y | ) t (g/ | ) (g/j) 
Pasa 4» PaPSi 67, ji^ plai^ e linea 1^ 3 constituting the proof of the 
thooraa 4.3.16 by t 
<S I^>J i 2 1 S I '"^ <S I^>I 1 1 1 ^ o h toy prop.O.4.27 
giwa y/J j£ J. Jfenoa the aoBertion« . 
4. Para 1 1 Pago 71t Roplan^ t **a» '^ hy *^ in the fowa^ * in the 10th 
Una. lasart after ^^E*' 1 ^^  not containing £^ * in tha 11th liaa. 
- 3 -
mm ?* t ]?eg© 72 J 6 ^ Ma© t ^^^ **all Mffeseiit »* ^ t^af l 6f 
** not a3a differenfc^* In the psroof ojt ^©orem 5.2.4 . 
IPfijra 3 « 'S&m T5 f J9tli l im s geaA ^^Phlfom full eutjoatesory ** 
instead fif *^  fttlX ©aibcategory**. 
S I A J ^ ' V W X M - e t a ©AA.'•• % ' 
X tm<m tniB oppaxtanitf to mcpx&m vi^ mmsmt f^^m^its&m 
to £^ «iQ)0rfl?ior Prof. i% %• Iti8l% Tkip^xK%eimA df ^atls^Emtieet 
rail a^la eai<fer»9 in emw^^t <^t tSdUJ "ms^ fsr f^  ?&•:?• f&iais 
desplt® of l!i0 tmsd ptmm^ im^th oo^itlctuji tml n&mml pim^ 
o^v^»tUcms.' 
\ part of tMjf miffk -^ sJono msaoi* t i ^ tlai'^sMitj' ^ I I W N . 
sMp of V*'J«i l3Li£?a&t O^J? %M.nh I '.iioSi to -e.Tt-j>r€ss r>*/ 
t}i«!^« T^t ^ ©laeiii?© iserstoflUji^ i:; l:i diici to ^m c:(iiW*fJ41 nf 
3ai««tifio m& ladimtrial ^^osser^ a* Suliii for pru^Oiw^ vm 
of nor doctoral ifost tl:^t vfm nd^ oot to fiMle on i^miustt a£ flnrut-* 
c i ^ hnrdoiiil^* 
TtOM thmiM oatitlaa *C<»stri!»ttioito to ttnriotioo (^ Oroops' 
io ttw Ttrotmsh mtk: dam tcr f» awriac th& l-iot fivo yoafii for 
th0 doi^ roo of ilootor of i^miosoiiliy in t^!u»it£o@, "^m mmlk mm 
Aotm wa&ar tUo (tibi® £iui?iorvlei<Hi of i^ >»ol*ossor ^m .% Sa3ls» 3©j)tt» 
of tlottaonatlaot A.''.i»» i^Miipntu *^ost of tliie V«M?& IKIO fianai -
otally hma earrostadl !^ ifatiroroity W^m&m'm,'^ iMT!} ciml HoMcs? 
Ryaoarali .?olIo«!iin o^ U..J«I,!u CM!ifi)« 
l!*Eiia riombolian a^aps msre t&m& to plg^ l-TK?rt?!tifc sol© 
i a tiio i^vaacotioat of p!33R5lcaa ooieiiooot tt® fjoopl© r<»iairas to 
oyntcr'ntioo tlasir ctmls'* rii:?!t o"? c^l f)«*J. ^oirmia [pi] t*io.r"'xt 
of clnsnif icatloa of (injai^ J ^jrci i^ idoatlcal rcaatioas os* fio 
O n t l e l laig3,tl3Q:r CatiJ2f£OC2» SI® 0<i:KJm>t Of Vtll lOt^ ' l/J Tk'^t"'!^'^ ^ U ^ ^ C -
.ccicoe^ «A/aurtt^ i,^ tvva^ A £^i^  ^ top ra£^iiii|i mtii^i uitdv.ltitm aito o.liirf:fiofl% 
'^. i i t ll mu ikm.m i^eaEMoia. -Jovf itoos tlio vrelotol tijoaj:^ 'Uffor 
fipor!! Gin nieia grottp tiKJOjrsrt i s u afitoarra '^i^stloa to 1^ mk&a ? 
A tsriof mKi^ e^r to tlilo nm f5lvoa iigr Knsmkin \C9] thut '^IJOQ ippoupa 
met «i0 a donoreation »otMi botwcion tl)0 two tliaorios* BtoiigIt 
liati'ia :loaaaim»B [67] Qoaos:;rfi}jli on «cirietioo Ac olnoot cosapleto 
yot tii^ro In a lot of mask o t i l l to ba dooo to ncUloiro a oatisfo&c^ * 
tory 0ltiiatii»i 111 groiip olacoif ieatloii. 
Blrktioff (ooa ll. Sammmi^^f]) dKira'-tarljSQd a olaoo oiaiUehnmA 
m variety Iff I t If' oloood msAmc t&e fomntioa of/:>uj(«^ 'pi;^ :^ o (j)^ 
liiiDae>Q3»ilil,o iJSfieos (^3 ana Ceirteoian product© (c), A cortoia 
elma eloB&A itmlor tho op<»ratioiiot (.^ ) onA (c) titt not (9), io 
< ^ t i i ; 
^^ lafoAt horrDm t tli0 l^m, frmt IsitmlX (64] nM lafiiniei a ola'^s | 
nf iai»t«^ to l» quasiiiEinltiire elcss^ ' Ce*» aof. 0»l,li>) If i t 
ie oXosdd uiitler th& f(srnatifm of ltmwrfim$ oubolgotjam^ aaft 
Cortssiati t^ i^ 3tiot@ of nlnet^ xas ia ^ • Us fuztlior aoflnea tho 
^ittaoiprlisltivs olf^s | to bo viMSam (of. daf. O.l.l}) ^f tMT& 
©xalta a caMiiial :i saeli ttot? o» ca^Qtej A *^  12 If:' «^S5?' su1>» 
ali:0l?ra of X (ptmsMt^M 1^ 'J elc^'atitn ic la g jm.'X aoiMialfSjrn 
tionfil (of* Eaaor^ 0«t«l.^ > ami aoa"*W3tfcsETi ^oasi^riydtliRi clmfiaB 
m aofif»isplioatio*ial cias-'jon. 2iio Qsi2te.T©o of 3 s«ja»iBi-»lietitioa'»l 
olii3s i r aitJi*ja. ,lil® a^ itmlicrvtiotrti aao, j?ot ao oigfiyiple to 
'kmsn of 3aeii a clase* 
C^Mp otj^ oet 4a tMr; tJjccio lo to attja^ inplioatiot*^ cinpttos 
msS^m K olasn I of ^co^sp^ io citllcjl l^nlicatlouol If i t Gta b© 
defined l3^  a not of laeutieal inpiiciatioaa (<jf» dl@f» 0»I«I7), 0,t':» 
VDriatjr, ooaivaasloty aii^  '^ aafiivifsn t^^  etc, la fm% m tmntiGsmA 
iaClmptor Vf taiAety O.'^ aediraiJfiotyCLQayaiiitftariety • »» utiidlsr 
hevo aixs9 aspoots of a vailQity na^ & f^ dmidoifsiislotji a aoxre f^ ii^ i^ po 
XisoA e|^ i0a than ^it^olvariQ'^. 
BiA tlioe i^e oonoiatfs of J$x U^nv^mm ooittninlmr 74 A(ifi^tioln» 
52 oxaaipXoe, 2 c^ nisirios »!ta 1 ^rOblon ia ttut zntoluill, 
Olmptor *0* a«6eribf»a biipic futrts wo lia^ m tt0od in ot^ tNittqaenfe 
oiiaiipt«y«i. Wm dwvolop only |yroli»iiKiX7 d«tf initt mm^ mmsplm mH 
Cfv-^  
hsy woiilta itlth ninrot^frlat® i?«ferpacoo no m t o ES^ I!?O tKe m>i:* 
eolf contained. ni«! Q(rif)irQ!ioiyiitil9« 
Ftrst tlwoo clJEi^ t&rji flttal *flth cartala cao i^ii o? finltelsr 
I)a0od vavi@tlos thmt£|!i ttio mm^iiiltoly htm®^ ytti-i^%tlm m*3 tilno 
kumrn <cr, oas^uEskir (jfo] ; a l 7f',a*fi^ ,!i Xi9e|7a»*] > to HK. ;tG 
tli0 all.'wtC-1'S 'Tiilcjty of c l y-' 5« .'0 CJStntliJili tMt tlilr t^ .Qlo 
[^ fy#y] " t v;!:oij b(IT^! a t cfb* ajss cvwd c\34 . 
!'*ai?tlii}ff -s© a:so'j t!mt till:? Ifi ticQ itt dlrtrifciitlira* 0^ «fl:lt€»r I I I 
otadiQH Ci ^Qin irislQty of e^apn -^hSLinh «/: fi34tc:^y htmt;^ (of. 
Ohapt«» X^  IG 'idvotvKl to t!4-» i»ta.Iy of s^mrlou^ praportlen of 
rooMatil ir?iriotlea of ijyoap^* la '^i^^mt^ V »/a iiw«tlit*'*® a SKJW 
olnoo of alfi»tattfi collod p«i@adov.irlaty .¥;-*lcii saaarriliaoo nil *h» 
Imoi^ iE^lloattoml claGoeo t imrl«tyf omiiv^riotjr nad itiaalvariety, 
lie not oiOy dofioo and ononplif^r a p^midoviKtlot;^  l»t lilao «tu«ly i to 
prooertlo© aal oliarii^^t&riisiitiofio In Y^oloan «KI3^» 
To nset tlio roqairacsonlsof Clcmeo ttlXt O a^y t^or XX? of t l ^ 
iteadgeiie! Qvainaaooo Alitl « inotot^ of th.? ahort roouraof iro f»i3m 
tewairy otiaptor a»} it^i oeotione wollti^Jlpt od i«£t^ QQmpt9h0tmk99 
w 
JuaHatoSxnotlmm v^l9 poiatia;; out tUo mai^ thaorocse proved »IIEI 
nmmmp%» introcluoM* AXoo smh chtiptofr IQ provldoa with a ohort 
list of r0for«j»«« at i t a aasS, rio f^v® In tba mid a ctxs^ete 
MliIiograpDar uaod* 
X dsii to Hit rers s^ hfim^tolt {^itltua© to ^r. 
i-iiiallii ra0do^mld of l^iot^iau, %istittlla for ter IdM Help l a 
ana^erlng tny qmrlQQ o ^ rsusoiKlii?* cmm ontiMS'ittio"*! cloalitit J^ ron 
tteo to tlia^ tiad pxtsirlJi:^ I33 a lo t of oa^'iir-j. -Q <mt to enable rs® 
to conplot© tj to^tor.il y^2±» I filoo o'*30 a CJ^ mtt doaito sa-ts 
ot'i^r iJiaj'^ irQ lis t t e floM fTor fcj@:*ltic ns la toash Jit.i tlJsAr 
F i i ^ l ^ qs? tH'.tm 60 to tl30 ra.t:iC3f2?lti n of tlio 3? n' t i . ^ ^ 
of HatUiT'oiSlcSt A"'J <*110M:li for p, CJWldi!\; JS® tlst: asccm. aj:y 
fa^lll t lco to eaiiy on tliic ;ior^ tlsoacii ciortlstjs i a vary 
t5i0 tsrplst X. 33r9d Jfgsaa. 
^^fflofii^ sr QiR^ (51x1 
BopertEstiiit of siathormtloo 
Xiiilla* 
iaftt^ UHv :*«b., 1977. 
coimmta 
Pm^m 
Brefaot •• •• (ii> 
u«4 • i^QBid Hair jmsiata •• «• k^ 
Ut * TosMi^liaa grmipD of? oiacir£ lii 29 
t»5 I fli© 'WMTioty, «9j? A^  •• 31' 
1,.$ t Sia msrletyimir ''Ci*i^  n In f tMt l . t . t ) 54 
2«l t liam Tor tli9 Mf"iee cS milrv^loties 
9 •4 I lAtlioo of iadl|i9»xi«tie0 . • 46 
CviO 
4*3 t t^tooroeui on Ki^xl rooidimtioti . 6Z 
S#8 iCfl^ pcti^mBtim of i^«^d«mirio^ TO 
§«:; i Cai^ goi^ ioiiaL oliamotfirimtiom of p^ ouo** 
5#5 • sue lattlc© o"* ^ oodom letitifi 77 
£nf?.isaLs mm 
lAtia Capital lottexG also) s 
tisms simply tim mr^ w oiSly;« 
4 , I vlO»a (1l^a|> <f^?0® Hl \a |% IJie^fKHmtDti l y 
^t *^ i JL%11y iivurli^ist nat^*aut58 of \^ 
f^00^j©et t o V 
J s Taria*y dtsflniKl hj tba sat of 
J I i*fiB V5ari0ty 0(f a l l fiproape 
I f fb« trlflcfcl imrlety 
A i TM ab©llari fEirlfjty of «3ci>0!i»m a • 
dx) 
ntst#'i{iIo.« o£ ;i •• J?j -• *r f if «* 2 , Ks V ) 
i 2 . t Loft rciLMioS. ViE'lQtj* of i »iit: 
r^s .<w: to g 
fe» a oal r-if I* jTif Idant ^  tioc • 
l n ^ f d J0t of Iri^ Ks ciatiuf i£^ b;i t i ^ v^-uloty V • 
c: ' I ^yollc R»aas^  of oilier a • 
r^ t UhodraX grmp of or^or 3s • 
Ig. t )tt&tomlojEi proU|> of ordoip a • 
iJjj 8 3^"TiOtrlci .^oap of i3oiiro« ft • 
\^ I AltoraBitlag gr£>a,> of to^'jisi^ ai • 
-^(0) t 0oii!li!O of groats a 
S(0) I Ji«JPlfod aatH r^ouft o' group a# 
[Ap B] 1 Claos of %ll Bsoi'|M«'!ifi flfOR A t© B for ft 
^ o i r of oli»;)e ^ts 4*3 ia eotoiforr g 
ex; 
PC|) 
Oh g 
t^m 
( ) 
t Tmmlptisdtkm olmn m^^smtoA Hot % (<i2A0f.«f.aXl el&^Wo» that mm • 
0f ullSfibrao of I } 
I Qittoo of objects o^ oirof^wy g • 
t - ^ ••'sfoira alse^ara over em wMtrt^^ 
•'to-C-iO OUCH that Lai J /p i s aa 
I l<attloo of nai 3oia tiuBsonSlattlo©© 
of Lo^tioo 2# • 
I sot of lOl ir^ HeufciOTifi oatinflot 
i a a ms?i©tril otrnoturo £ 
i ;itlj TGmmit to 
s 1(^^ oarnaii imiltir?lo 
I Ore&tost oocnoa diirifior 
I Fiiilto li^iti pPG^met^ 
t f iriltoly IScMMKt 
I Fiaitola^ geiionttod. 
t !fl:ii!min anotig a|» iu» aad «« • 
t ieipli€i6 aogation ^ syabdia* 
t s*o«d <^  a ana b 
< A«b > f l«e«n].ttf A nad 1^  • 
cxi; 
(att}»etd> I tfBm^imi^lu9% of natuna auQtNKro 
C s»tm ) I pair of atitur^ »s9%)ox» 
^ t oot of al l natttsml mnToorti 
^^^ 1 paroSeotioa 
"» I ia^oetioa 
4 I JatoLnioturo of 
TT « i?it^aet of 
I Uortosinn proOnet of 
g i boloags to, a 15®:^ ?? of 
— t Oofl^ aima la 
^ i oont^nii 
U or • I ttalo% ^oin (or logion], OiBlafiatloti} 
Oor A t inftozoootioiii laoot (or X<^oci]. 
3 t tliovo oxlota 9OO0 
V i for aSJ. 
} I dlVldOS 
(XiiJ 
1^11 1^  er i f f I it nad m&y i f 
( •MM«.> ) t J3ir»c!t pm^% of tha ttiao««ii 
{ ^ I ,11) t Q&3sms&tt pnsrt ef tibo tlxsorem 
for ©©titioali^ tla0 result . : tee f i r s t f4©iTO (iQafttou otuipter, 
seooaa de^otoo op t i on ami t i i i r i l aoaotao t!ie BRI bmr <if tlm r^eoltf 
for s^Ef-rra© I ^•^m6 rofortJ to ths oistthreniat of seotltm f of 
•JiMntoy I I • 
fm BA32U 00»D a^?$» 
mm ^nmmw *0* i e aoaal to SjovdHa^ mmreSL aotioii&f 
liQXiie fmsts and le^ v^stltft that ^11 bo tfikoii no gpmixted 
l a 9ii009@Ai2« oliaptoxG <»f tho tti^la* i?o liEiiw niidd tiio 
fol ld viQg litotuttizo for tho aoaoopto gi'^on in this oliaistin* t 
Begmat E,w. [69] »ljri3 • ^ h o , l.,|70)» JsUoU 0#R» W t 
«l«0O%eK>tt ^. \§3] f J^ 9@0ott B. [6al» [ra] « Kimso E«L. 17?] » T'^doaoM 
Z«o. [63] 9 Itagma '^ .aful otlioz@ [6^]t mtotioll B^te^]^ fSmssE^ tt 
B»ll« \0],!iS0),SB2]t -liwmmciaiiiittlGtlt uiiafaat A.[p], [6D]» I?!)], 
i::^ eoQtioiK^fioo ^QMA for tliio chap^r io m foiloms t 
0*1 UoG^  eoiiBOpto i n tmiviDro.'ii ^Igotra t 
•mi null tiimimimamm'mmmmmmmmmmmmmmmummmmm'mmmmmmmmmmmmmmi' 
tn ^)i» @«oti<m m istrodaoo Q O ^ zKstlotio of ?iiivi}7ftiii 
al^tara «9ilou aso wmd, 1mm& tneido o«n« * f^iiaijBolMllt^ of 
qtieidteiploto of nntiixnl mmlmrm (Oh. XI)» local and eoufital>l9 
etaoraotonit lattioo 90lM%9d ocmoos^ to # JTL ««fovd^ «o2.go1)r'i t 
~^ X«»iord o«|)iatioiit lsa^lioatioii» ynrlotal stimottiro MIA ooagxo^ 
•HBO otG* (ati» ?)• foar ^ilo i^ ampoao «o vofor to Jmfioa ij2] 
atiS »««»aiift B»&U {62]» [p] « 
WlBlifliOTi 9t1i1 Wmkml nwmWii < A qiaaol OfTdMroA 
(vofXtttElvw and ^Foar^ltivo) OIIULIS If i s oalA to efitief!^ naxiiacil 
ooaSitiim i f 999XS natkmmipty mibalmm tui \S tmm m naxinaX 
•liiaont* :^aiirailoat]ijr irtwa nocoa&iiig eiutifi conAitloa liolA8« 
2 
«_ < 1^1 for •V0X7 mturnl metbor a. SmmonffZJpmiZ 
mem:iy n*n m n.Mn £ n • Jojisaon [72), p,1 )• 
8«t <Zf s.> ^ ^ l£^Mm- m^m^ ,n^ ^^ ^^^t^ ^^^ ^^ ©ir-^nts 
l3a<9f «lin@ir iscmt^  is»a n cirontcsst Xmtm- bmitl. J^fKjooal^rlp.l*?, 
alg©tea 6i^-i t int < j»i/> n^ <Zt A > ar^ car41attlQ0ii Ai^ ltvio 
op&Tfit'.om. V, A art rolxitoti to «?«': otlasr t^ y tlis atiiiart^tiosi 1 -HB. 
HBflCli 0.1.t • <T4,v> id caUod ;-"li o-Uattlm md <lit ^> 
i^ dolled mmt tms$3u^*-ttQe • 
i t ia oloatdi rt l«t i im to oodpositloos • imd A . ^ 0@J» oiisiiorlsr 
A»fiat TT*tinfllff?f^11!ff • 
glfllll4flg| I M iS IIttitt fMlft..iffgftl * . ^^^^ <>^ no0t» d<iiiotod 
tif • aM A t«8|»ootiwly« (KVo l^not nppor IMHKIA aat ir^^toot 
tmrng o^mvi of oloovuls. Sliat iOf if 4 « ^a«] in a aiite«t 
^ ^ ieX 
of L tHoii w m^^ ma NAj^ mm voepootiimlar tho Immt 
tt|yp v^ iMMtsid Q^ iS ips^ Nitoot loivoy' Iwniiiit of A. 
aafiaitlttn 0.U6 %mm ana unit of a iMttimm t f^ ieiift lattiii« li 
liQS a aaiiU««t (or jtor^st) ol«a«iil tHoii ttili» elmamt ia oftlloi 
^ 0 SMFO (or ttait) odt L aim t^ad ta^ r 0 (or ! ) • Jooaaott (fsl {>#25 • 
<li, Vf A f i > io onllod ooipXete i f Join «M nost ojiist for 
a l l attt^ets .^CL » »1»BBCICMI [T8j p* 22 
A lattlea <Ti» ir » At £ > iB c.^lM Ol^ l^ tlHttiir© If for eXl 
afb»c f» l» t («* V tj) AO » (a"AO) V Cl> Ao) • Jauimoa &L»] p»?'J 
looal chojsf^tar proirlclod cia adipl^a A f» 3 i f f isvei^ fi-atoly 
gQtiaratod D^aHt^dm^^^m of .1 iis ia 0 iTmxEm'Kt !Vi» lo] 
b# of eott^ rl'si lo ohnxwJter i f an tHimtmi ^ e £ i ^ cjvojcy cjonatiifel^  
U@ji@r»itad oalmli^ otsra of A i® ia g • 
^MSt!i 0#1»<? 5 1^ =^11 property in of eeuii« fcXo <mtirw;t«rt if'^ 
Ln alno of looeti olmxwitort ^t not oonrntrooXj* ?03? 03ur$i>l« 
tXnit^smBo ixi a ptrot>f«»ty of eoi^ tfcnbla oimam^tmf vHmw ttmam are 
«oll o^ioam osnrsplQt} of gRn^a tliat oro ioeailjr finito IM^ t aol 
f inito ffiMWom B«4« l9D 
Definit ion 0.1.10 Residual propearty t An algebra has property (^ 
residuallu^ If for every family U^. ? of d iscr iminat ing 
eplmorphlsms <^£ ; [ such t h a t t a < .^ a b^ ^ ==*> a « b ) A c .^ 
has property (p , 
De In l t lon 0,1.11 Admissible quadruplet ; .Ye wi l l c a l l a 
tii»ia bL2, <x)-|&, o|l>t ^|o ^^ ^13.4 . £$re iiatl»fi«a. 
ioor a e f i a l t l ^ * 
;' « *J #._CL- io til© flan tiriain • 
,<;^ p^ i^ toa;!. .a^natactu Sf ) • P, wo o- l i i t a •fii.ll c^^e .^jra*, 
Sefinad for H ^ <!• Sa«a w » j ^ W^  its Oi^lod ircwalHilnrr* 
'tmxmmi B»iU [62] 
Jmaill 0*1.4 t Ail ol«r:^ <i!ite ir f^ J io oiHSsd n wosH , 
nfld a l l «j^ <» 9|j^ » tMi IMW 
4 
Hits ttl«ftli«tt A is denoted for nimpUolty ae W_iiCc> 
0*1 •$ I Xa d«fl{iitifm o«i»i4 full dopoi'i F %M tm 
3u.ba«t of eatriar o«t :t j[ Is tlie iaolasloa an -t^ ing. in factt 
F e W/W Cth)Ci sot of .Kirdn '.Atoii mr® lot l@tt@3»)« 
;) j^la^tKta, Q.1.1 b ^nh^xm ^ • If X md A* ty loa: to th& 
ocisr' oi«rio£! U»c t tisay Ijavs© ^m"Q- fomnul opmiitor ©otf sian©ly 
A • (EtJltil>f *.• «• <".»t-at£*) tnea *• is asubalf^ obra of A If 
(i) :• £- : 
( t i i ) £• » ^f jf (-'» i?3 a c-ateot of ^^*) , ^ 
j^^ l^JltoiH^ JM.*!fi 'im <nmSi%m « 'a afloat-Lo I wimim \m%h uMm 
VX [C«r^  • » *^A • • • • A^ ?^  •• ^^ ) ——> *f » ^ O 
1« ealled «m identical irapliantloa (or filnply It'^.licAtion 
wbmm m U'^'wmnl quantlflor * V * dtaotea 'for all* A luia —-> 
MPt logieal oontwGt IVO0 eorroepor^ing to tim w&rd *wid* waA 
iu^mt [69] 
aafiiiitiiMi O.l.ia i>»tft and eoaoaQuaao* t : ^ part m tim loft 
of ttio amom ( «--—> ) in an iopllcoS^ l(»i i« oiillod ^ ' ^ 
•ad t!iat <» tiMi rifixt of • —«—> « i« oaai^ ooaoo i^iioiioo, 
SlMlfMIt [>9] 
l^irami ' i f •«« ttie^* sud ifj^ t W|^  ote, iii^^-«#o»a:o 
6 
0.1.# I f!Mi «9ta of i i l i ana ,1>ftyft|afffPff m i l U 
l>rizaitlw (olO0«a miSor tlio fotnmtion of stiiljeil^ o r^aot leoaari^ 
ejriats a cmS^im3L if SIID& t ^ t ^t (Ono^^d A ^ g iff eifos? 
tmb^^tira of A, oos^mttod 1^ ^ oliBaoiffto in g « 
^miilllC 0.1 #7 • IMfcma oitMsipsrlrjltiv© clumt^ am tofi^itJlo 
tjy a 80t of irTpiiOfitloast thmmfom .nlfio callM luplicalAonfil 
elns::o®# iUwioTOrt a© nfeli nlno wio tlm tcsBS imriotia ©truKJtarci 
for mi topllcatio^ml olr^c* 
fii© cl«i?iuon ^M.Qh are aot aalftsra lasa callo^ ^^ tlit ansaeii 
noaHiaifoKo qp^mipaiDlti'm ol&:m or a<m-iiTT»Xioatlortril olfwo 
09? iioi!F«varlatal striisturo* 
of rm iaplieatioii io dQftmd m thQ oaMlsilltsr of data oot 
l»o«f K| • 
ffiBttlllr 0*1 • 3 t Xdwititloe ioamts idontioca »Adtlotie> avo 
ipplloatiofia of lomrth ««rOi thitt le R^  M ^ • %itiY»loii%ly 
i^oti t loo oofioia wAf of tlio goiytft^ ijf.lyio o ^ of ttio foiei 
« • «*• !lD«ioir»r tiMigr oai bo vo^ Tiirdioa ao In^l&oationo <of aagr 
fiiilto lofigth) Mith data ooaoletiog of oafficioiilly liatisr •q^Mt* 
tlotm of tt»» fom • « v tt 
7 
to Do tm looat Q s^isaiii^  I tsmh t^t it m9 ^ <tgfiiiod l^ 
iTjplicatiaiio of Xotigth mat imsmtjtWm H, 
eatioanl 3l««^li soaro* ^oralv^loty fiaa f|i^i0ivnrioty «re «itti 
l»piior-,tio!ttl Xo'itT&n 099 tmd finite wmprnttrnfi^ 
t^-rcr^  of .*r. j^aco '••*• Il3l 
,.^ i^i^ tl^ q ,^,0«1V^ iSgSK « Tjot jA I^ iKi a f-miller o^ ilfstiX^ 
'«rlt!i m^TTime ©©tss H* asiA A h& rvi al^ ^ J^isi tfiKS^ i a f:?'IIsr of 
laomnor-jM^n' y^uu ^ | h^ t \^ «——> .% i s a aonor of 4 i f 
1 l» t * / * 
70lati<m on ^ flioii 7| i s ^^  ooaisroamo o!i A <• ( :iJi« j | ) i f f 
tiiionowr a|a|«*«*i^*^f» B tbon h^h^ •••• ^^f* ^ ^^ ^ 1 ^ \ 
f«r i tt l»2t «••# n aat a|fl^ ••« A '^^ JS ^ ^ ^ ••• ^ ^ i l 
io oaliod BKIOO^ fk«ci<or ^Uapty frtm) al^ olffK gionnitod bgr 
s&g pvofiftoAt 
>•> IMS AiMPiaition wm oriniaolijr i$iv«»ti tor &nmm *^ BMMI* 
8 
( i ) A f* 1 ^tibmm jr ifl a iniri«t^ of algolantfi. 
a., . ' . , J « , - ^ + . »—.. — . 
A 
A 
ffta r^atiNI ^ a •big eaoa l^j* eift ;J» !?!smi |iap«3«ntatloa of the 
Qigo^m A iff a tjfipiot C*' • ^ §(^j whom e t ..«—^> r, IB m 
oa*o s^ rfrjii!ig ?ia! cr~ in a oj>T^ gruf?iia0 <m ", - Jdaaima B»iJ« [62] 
Yiss^ iQrtal siotlom' 
la tiji® B^tioii tm dof liw a£^ ttiKr-tjiif^f tfeo %mm Tarioty 
klaie of imrloti@6« %tm fimkte hmi& propaifty na-l ttm oaft-^ ttta* 
tovo eollootiiiE; ftweoaa* All tli^ &o ooifec^ >tti idll iiubeo<|ti@ntl^  
tm miod in iattor olia!?toc9* 
M M I I t n ^t?!! « *» iKiwitioiialiy Aoflaoa oli«»s of m o^ops 
(in fsammH aXmlb^fm) in OfilXoa a ^msti9ty of proope (lOsobnis). 
Aitoxni&tlvoly A maclQt^ of garotapi io tim oiofia of oi l iproit)» 
mt^tmtsim ^oc^ flf ^ givoa e«t i^ iawo* Saoaomi B«ll« [97jL 
jymojyi 0«2»1 • A oXa-a of groins tSofliiod iQr tlm Imf [ktyjai 1 
to tho vavoity of all riboli«m ensmp^* HMRMMHI aitfiziA[i7] 
• ?«r inueioty and imlatod x«ealto« ooo nasi oootimi 0«2 
9 
wUtl i4«islit3r X|« 1^ •••• *^ « O intim mrietjr of «XI aU* 
pdt^ xfe yiiigs with fl«nii»a!3^ t • msam !!•!:»• C73j 
v%sri«t|' <9*^ « varioty of fioM ^ooo not mijat 
timammt B.*!, [60] 
for mrletal aotionat «^ ta^ m i t m wem)^^ (of, ?^ai«s f. 
m3& txtham 0^ 53 )• ifOKt m 6&Sim thia t&nm mm^^^^mi^^ mam 
of a Mssli fixator i% a eroi;^ t^ Mw ia n ^^mnp A > oi«fi0«q«aaQ« 
of a wcae^ lf tto ©jjul^ iloijoo of t w w^^n, cl<K«!tl oot «^ wi3»i8f 
Mll»l^m.„PisiP; •,'fm'nmm * "^ iot g tr a caa-itabl© net 
of gAtiorators JJI^ \^ !» t!i» fs»e ijroap geiMfalod tiy | ttiea 
ttw tvm nroiqs X« ***> fosssed io a » ^ no ^ord groap naS Its 
iMffaitiQa Q>?.^  yfllaa of a »ogd i %»t .% ^ m^ m^mf •iA 
a I 5 •——> j!t ^ A 1)8 a «Qj>r>lfif^  Of frm g«ii»»atowi of t.^ 
ifldo A tiiod th9 hmm of tb0 «i»rd w r* :^ ^ tial^ ^li oorriM^oa* 
dint i^ AuooA !ioi3oraor!M«s a 1 :^ ««—»> A ift enlXoA a vsaiio of 
iMMPd If in A SiMMOOIl flt.jjST/ 
Jn^dyi «»*^ *^  * 2.0% c « ^(t), (12)(?4). (I3)(ai)« (H}(23)/ 
%• tut Xioia four gsoop* t0% ^ * i ^'^^ K ^ a M ^ In^ Aofinod 
1^ X «.».^ (I2)(54>t jr •--««»> (1!S)(24) tlsoa tlio wtOm of ivocdo 
iqr oal ys i s (H)(29) . >-f^ ^ ^ <-f'^ >*^ ) ~=^  1 • KigiiiB aaft olHit»(|lt53 
10 
e«ll«d m x<e3.ator l a tiio groop A i f f i t o vnlfto i n A i s tim 
3CX|*»«*f Xjj) i» eall"»4 a relation i"^ f 'u* i s a m l tor 
ia »» la athoT «5«irds on oir'^ otxt of I^cer^ 'l <pEl^m <ii^ ^ t -A)^  
i s a reXfitor in il . mgmm m& &t1mT& \§3] 
aM x(acy)*^ ana yC cy)** in*© irelatiars in a^ 
,MMt»tff^ f>f,-tg, 1 ^ « '^  •'^ n^t^ ^ ^  i e ^'tia t o fee a Inw 
(IdQiiticca 3r«ln,ti<m)iJi thQ group e^mp i f tlu o^ily |)0-*:lble 
milwa of w in \ i s iaeutity of .i, t!mt in ', w f»^ ?^-tor^ | 
ct'fe itoci (>:^ U I iCofiBBO [65 J 
JlH^ a^ H 0.2.2 t f^ o©t(r\^ leax»4>|<:p/*(lleF! J^^)Jio QU imr^or* 
ptilaia iixtfmlanl i . e . , i f ttm itroiipn cut&.Ca^ .inaevj^ tw<L 7^"^ '^ '"'^ ^^  
Oftfiaition 0>2^g Ooaflocitiftaei^  t ^m mwA a i» a («i^ <i-» 
qmnot «f m iMit of »K>xde w i f a i e a iaiy in 4 i^v^tmmr 
vmrf mme& m » m ia a iti«r in A 'l«iiKmni iUjitJ 
t^ar^ BJf 0.2.5 t The «ox^[Eiy| i<* a eoiitt#«in«nB« of tUt aftt 
{x^ in amy n%olian group A • 
Mlfllt^lWt 9t^t7 %<ll1iatyft « S ^ ««tii of Hisr^ <ini o<|ui«> 
vaioat i f oaa i« oonsa^ttonoa of tho o^imr ana irioo vmnMi -
11 
WMUm M*% yXOTftf ?f1 ftf fffl# « \ is9t 7 of «ifw«9 
of trio grimp .1 , oo-rrso oTliar: to *i set r of mjac^ d^  In %}m nob* 
gromp go^rateia by aU t%s vnlaoo of ;^os^ w ^ ? In tli© srmip A 
4il£lii£ 0#r.7 t POT ^oy gromp 4 aM / «{[xt2?]^ tiM iro "hstX 
Bemasjlf o»C*.5 i O^ ^^ ^^ u^/i^  ovaiy vtrtJat oatj^mtp of a f^ roiita 
-^ *U. J^cpr f^ 3>^^^. I?.3'"'.t^^34 Jr.4m'a :i.[67] 
SKJl^ ttiwly trtio i f f S h ^ ?i r#iar«i®atatlmi G W f/TCF) as 
^ footor groop of a f^o i^ rm^ ^ f C<^  uiO t^abio iraxUei bir m ws^ bml 
( « i ^ Vo^ iiM to oloaod sot of iM»»lii V > Dili^ rmip of f • 
Wiworlr 0«2«4 i Xf tiM oot of ««o vdo V aofiatfitlio wtmi^ty { 
thoa soXativoljr froo groi^ r/T(F) a© oiaxed g - fire« gttmp mA 
io Ooootoil toy ^(J) • Partner m tsfmp ^ ^ S iff i t ia (iooBOi|)iiio 
to) o faotov wmxp of F /?(F) for 'i fr^e groi»;» F of ooitiftliio 
12 
loin 9t vwpittios g ?ma J t i« tlici vtriuty (s^fmrnte^ Isy 
J aaa I l .o.t 2 V I • var (2t|)» -^St^^ »ot of XCSIKI for g V | 
2 N 7 » tim nmt of imristlr*© J ami | t io ttio iator -* 
m^tim of Vfirletioc *^  f*^ ^* ^ ^ B0t of I-^ VHS for IJ A ^  if^  iJ^  
. | | .^p^ 0»t:#5 s ^ e sot o^ -'1% D^>ri©tie'. «i*Joy laslasion ralf*i» 
tioa ai^ 3©'a «M Rsit ooaefjusoa form ^ ecr-^ -^ iirs** I^ittloot It» 
i©ro slf i^e'ati i r tfje trivia'-, variety w^ ualt^tlso v.iriety of 
( i l l gro4i?0. 
erltleal If i t to fl i i to naa doeo not ho'^-'ix' to wirioty n^^arr t^od 
^ i ts prc^':^ faetorn. Hoiraaxm U*f6?] 
„^fi^il4t|yy ptrftlXl'^^IHH-IagS^ « •'* tti»l<t«o stitl .^ il (not*. 
trlvlal.)iiiai«al ea^ii^xtMp U ot % grmip *l Is oalled ^K^1,i^ |^| fm& 
A SM oall-a 8 f^;:?^^^^c /;yoi||> « aiaee r in 'B 'lor^'ii'? ta a 
ohiaf fflictor ef t^ '*® UBHttlly e/ili i t ". raoac itn fmtov o^ A . 
Bow «• gif9 Goem ItifMVtaAt t^iiee of f»rlotl@a tram 
Bf7ttal[7l]» iilmfaat ^f] » ai^ Jonsson [oajt tfiileh wi almll ti&« 
la «itr •tttee«|U9iil dl»oitBnl<m« VHm attflalti(Hi0 ftuotoA without 
ref•TMiB* are frois nm m ftrnmaxm ^TJ» 
in ttm tmm^t i^ri«^ isaS 210 Im hotJi/Ha Im i%« rii» ntimmm of iltii low 
ftiimti^M igiintfi imnA ym%iiw • ^^ vtiri«i^/1 ^  « u ^ivin^ scimne 
a«ti«fl9« tlici txm »*f for o^ nisr^ r ?t(»ii0S!^ tf)9f x of :%^U^» ti3L% tim %mm « 
Ito olomix« of tme to 4^* 
a^fliiea lor tis® lii« aft* I tit cs#%ii«^  Baesisil^ vispi«^ <^ m^ c-mut Um 
Its oiomtx^ of lussm in tf» «.^  
oa* isgr tho ls» &»y]« 1 iff ocaied afeo .^lii'i imrW t^ar «if grijttjjtit Ite 
el^!}iir9 of 1mm in .^ ttm iSoriwa (tjmtm of i;^ « 
itn '.rXmMm. of iswwi iti f^ C8i»4^ f .^ .}# 
M4alll«t, ^ iStl^ ,maftgitl ymti^n, tf ^ tef «^  i ' ^ variotzf |^ o^* ni-^  
aHpotoat groi^ of ciasti c (£ r) lo jofia»i?d toy tlm tsm {^••*»*%^%^ 
fi^>**f^] ^i^i^s*^ 9mh €^ ttmXf %» n omm^tm of «mW^ 0 | -f^ l* fHo 
olosaro of it» Imm 1« *«i(0 •i^^^.^e^^l) ***•*« ^ D • ^ V(») • 
J i m ^ 0«2«6 t III fsw»t» t&o atomam 9i Imm of o poi9nill.poto!ie 
^meUfHw i* dofiatdi ^ itoootoA (tope^toa) %om» wm^tmA ootioo. 
If t • 2 tliM 1 ^ «nfiotr oo4 i^]MiA io oallod a f^aiyULpoto»t wr&otjr 
idt OIMIO ««V (oifO^)* Xf t « 2f 0| « o aaA Oj^  « t 
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ttea mopt^ ty no HvtimA in iiil|K»t«iit»!)3r**fil>9liwi« Zf 0| « o^ « 1 
wift t • 2 ftw tt9Vl«^ so olytift nail nfiU %«» aot^bollnii imrtttlor* 
fliiKB It gi&m&tv&imo mi'v^at^ imsAtitim ^iilou oa^ INI olvtuitiid f^ nxs 
t ^ etmrnxm ^ nsileiiig special an^otltiitiim* 
s^ of all oolal?!' ijroair* of 1J» tu £ £fi .l0*if* "? br *tJf^  'ox t 
0^ «ti0ro ,^c ,^> i^,)i=|>(oxJ,Uje.C .^."->^e)-&<L-i^ '^'--'y-O^A-iftH^ 
liwfrjxty] » [stwjlaal it.; oltusors of la-io ia 4*/ « 
ooiKiXstisc o^ all tho,i9 groups *"^ io 0 fitjitely i:^ iKsr^ .t^ *a nai^ -^ »a*« 
aro fiiaitOf i s cisllQ'l loe-aiy fiaite irtrioty. 
0«?.3 . \ loc«%lly fialto wirioty lis gQUM-atM fey Its 
f i?iito proapo iJtt not ooavjomoly <!•{:• tlit viti^io^ of al l i«lioXla» 
crro«|)s 4a goQoratod !jy Itt^  f lalta oyollc groopo l»t It la tiot 
locfilly fi:ilto« 
0»8.9 I IViLvailoty K of all looatly flaito groiipa 
of «xi>oiitnt p ( p » a prtoo} ifx o^ltid fCootrlMn mrloty of 
•spoaont p. ;vl4oiitly L.Q.B • 
JHtftnittfltt Qt2ta? Piroflatl fiarUtr * ^ ^ pxoduot ir{«rl«^ g X 
i« tha Twrloty of all thono uroupf? 0 for ont^ «r n^oii tbmw 
. 1 5 
iRisii?i«t7 Of !illp0t«iit 9S el^^& Q'^h^^m^sSbotit^m groi^ and |^  ' I b . ^ ^ ^ 
VKXl«ty of flkl>oIiai»4x2^!illpoteitt of olatsr, 4 lurmtpa. ?lt»a a 
a-alnraflety ^ J^ •' ^ A ^  '^  ill ^^ ©?ille^ a ^«i*tiiisii Lo© vrailot^ r 
aftor tto ii»o of M.^ . tiBif!lm.t r^0. m^at L7I] 
onll#i Join ixTadiii;ib3.o i f It i« fwt t ^ 3otft of proper «rab^  
(ofter %lm hmm of '^.d. C'TOOP) valctj? i f 
i ) ^ in loostlXy fittlto 
i i ) 1mm of u (tt© sri-iiit'.'ly bi^ UKi, 
l i t ) tsm mtabev of 90ii-imrtcar;liic erlttenl ip:*oaiir la fiaito* 
igggUM o»2»<o » A «Etrioty J io fija t^^ g.^  -Ilftf^ f^  i ^ i* «>«« 
^ aofiaod by a fi^iitt eoi of IIMIO* «io ^oo i»@^  timt ] *A^ i<** 
fios the n # f f ^ J ^ BffgPtyly ^io5«iwr J ii$ finitoly hmw^, 
i*o«t i^ vrbal mibiproii|>e ifC^) in finltoiy som^mtoA* 
JjyifMlllffll 9t2|g7 iMftilyjtf irigffmHI « ^ ^^ «>»» v^iety «oti»» 
voted by baoie p^sroapo (oritiooi p«gi!oit|}a t)i«tt gonovato a ^oui 
irrodttcitao torioty) in ooliiid viadtioty of pii^ pi'ot^ i^ * 
Ao ooll leMWAf Solw«ior*o tlioortm (ovoty mtlbei^m^ of a 
fyo0 8zooi» i« fsroo) ia gonorsii 4o««i not tuoiiA tout J «frott fffom^m* 
flio iPwdlotioo for Niiioh ^bio ttMN»r«e lioido ore oallM ^tooior 
. 1 6 
(Dia? dofiBitloa) 
f w l « ^ gX] (o^ two varivtlea g iiiid J ) io tiio aimllcMit 
ir«al«tf g owon timt g i. ^ S • Zn ft »ox« ophir^ tiofitwS 0#i»i« 
Jlmtti 0.2*tt f Xf g I* Yar 4 and 7 i« tlie »et of laM 
dofiiiiig J tHoa gXj • far tr<A) • «7OIIBSOS fW^ 
. 1 7 
i«i»l«ty 3/y (of tm imri«tl0» i imd f mn&h ttmt V < 2 ) 
Tior« rlgourouoly 
« viiT ( A^ B^ IH ^ T^ 3(^ )# 1?2 f^ V^  ** J f tT i s sicno inOm &«tj. 
iratod f<»f t!i@ ^liMfatin/s groop of ^j/g ilko tlt-it of gNj as 
iii'ioatcsd la rcmrls 0,2#11» 
3 ^ , before olooli^j th© ueotiosf n» cia.'m t-ifo doflattioao msp0 
!iofl!iitioii 0»S«$3 Outsoo^ iooirtlidl onaonun^isa of s;^  t l?ocr eaeh 
wmwwwnwiwuiii iiminwwiiwiixj— 
oo<l^ iX30 1 1 i a | l « ^ l « » » » £ i ^ £ c o? ly^^mtm i» GmUzfim 
th® «aao- orrihlso of i^ i^ ivea l3y 
x^jy(ai|t«•#»!.) « 1 otl^iwi0« • ::M8 i s etilloa 
the 8i]|}8ef|ue?itl«ii «idoeior"*ilor of 4, , E^ idUrtuo of i t ovwry 
ifO»2 w of J ^ \ii(c^ i^) *° e<|'*^ im£on!t to tim sott of all WOT&& 
Aof ified th« «ol#it8 of thto oounutiiKre oodor tliwi A^cosdliis to~tt^ 4M:, 
utiglits* flit wnmagnaofit of oomotatore so obloiiioA in a ptopm 
. . . 1 8 
d«8«ril»& i t in follo^fii^ ^t&pa t 
i ) tisio i0ttos@ S|««* t3E|| as^ b^io iiooimit^toro of 
w t i i ^ oils ordored tigr tmttlm ^^^ ^ *4 ^^ i < ;) 
i i ) i f hmto c(»s; ^ tttcicftoxs d|^  of tJOi^ tKlt ta't t^ , < & mro 
<l@fiai!d mA ardm^f «o doft^ bs^lo oo -^utdtovd <^ «*oi^ )tt l£ tiar 
tlio TJX "**! : p t^ ^ ] i'' ^ eonnttitfeos? of i'leighft fe '^^ jonovor 
(a ) wt <^4 • lift C. • ^ 
fliefi w© oofillaae t&i m^^me ^ oottiacs ^ > .^^  wlwtacw^ r 
^ c> Hit c^  jiM fis:iliig cii^ oap«lw miotic tsiono of w@l^ «fc Ic m& 
fiaal'iy nantoeapii^  tton in or«S«r Hwiaa'sa «l-(67} 
0,3 
l^iis sooticm io vmtxs^ to dovelop i&m oatoijoriool toolo 
•«g« otiitioatogOKgrt ^^^ mttwateeocy* dixoot larodpstt projootioa 
dirdotod ^mmmmA (upbraid} oott iavosfMi (direotod)ii3rB^ni , 
iavoxiNi liisit anS ooMflootion oto* thot laro on^ d iUi olia^tar V* 
19iii3r am aioatljr bwiiwaft trm MitoiMax [€9]« 
aitnttllliMI Mtif QMsmX • A oaaas g of objooto tc^ BotHar 
ir i^ a olaaa » • U CA .'Bj i^immh ia a diaioint mtim ana 
[il«!l3 '^^  jpoaoibiy 'voiAr of mmngbAmm ia ooilod a oadi^ otgr i f 
. 1 9 
f<Nr mmU tiflia«t ( fB^e) of mmhem of c «• hair« m fttnotitti 
oitiwt of ^ tfj ai mid tlii^o e(n|)(itiltioii8 i^e/bim milGo soaoo) 
Satisfy? *^  
(t> apsooiatliKlty i ("^fJ)a • ITOct) 
( t i ) oxiato^o of laoit^it^ I Fca? ©©eh ^ ?* g , 3 ^ l^ ^C t^A^ 
Cltt) C?i^  ctr^sit ioa of nj^ t/o "^ orpMass ia ^ lo eM»i 
en t ^ i r co-rposition ta 0 • 
(iv) 1. io oosiio m n m In Q 9 \/^ ^ ^ • 
^aii cabeatoROarar of 2 • 
ia oatorrorif £ • A product (diroot prodoot; for ttHa foptl]^ i s 
tti9 fseOly of soristiiflMi p^^ ^ t A •—>->> A^^  t^ t^i that for o^ jp 
otfetor family oorphlaBw <p| i A *——•> Ami tbmm io o wUfftM 
- . 20 
'^  IS'*-
InttSil 0«!l«? t mnt of airoQ^ proamot lis t ^ eoprocia^t 
(Aiff^ ot miEj). Che dual of cfii*oalcisl fra^^ctlon io t^ -^  oasiol^ •* 
cal in^»otlo3}» for jpo^areaoo oco rmtenoii (165], n, S4^5 » 
-??n^1flfft, ,P,t'.^ ,it4 ,n,Wf^ f^^ ,„ ^ffffli^, Ml € -'^  partially ordmM 
mt X ia Ofiliefl ai.3^c t^i^  aoiwsiEira if for m^h pair It^ ^ I 
ttsora ic jawn^ TS a & f* I 0110^  that %$, I om 5c ^ 3, that In « 
moT^ fi^iito c^teot cj? I bn^ r^ Imm^ fjoa ^^ 
^^ i^m?^  ^•:J«4 8 "Jirtrstod upward fe ?steply diaroc'tod) set In 
4®fiasd i I '^  oisllcss? im^9 
a^ jgwrara fsot th®a a olrssn of ,<li:e!s?^ S Aj, ^ is on Isd jsa 
AifniHr fflam ^ «^  I i i i g s ^ ,^ <Mi«ig^ i^ yi,lffi? ^ tn^^o ie 
aooe olliorwiffO) ^ mitijoot to the ce»iiditloiis 
(1) ^ io i^oatity fflaa> of 4 # Vi <* I 
( i i) -^^ " n ^ ^ n ^ * *»J>»Jci*I imch tliat i ^ 3 j^k • 
di^inod amilLoiECNiolj. tiowivovt iw talw imnoaoBiaiitita 
, 2 1 
-jjj I 4j ——> A «ith 1 £ ) Mid oonUtlon <U) 
liiait Of em iiswMKio G »^t«ra Si^t jpJ ^ in lofleK}^ ISES A^ ooasiti* 
tixi^ of fill fauctions 
d^i I ——> tf n^  I in t;m Airoot piiodaet A « Tl A, 
for i?hioii "fi^  ®4 • ®i ) ^^4 ^ *^  ^^*^ * 4 ^ i^lilo# 
;s \«rito I ln .l, «• A* ?a4 i^n •^ .^TTO] 
liEsit dofiaad .fi>(1lr<i:jt oy^toa (urn '.iltaimlX feii] p» 47 ) 
f^g^lliffll t^l^ iT ffWliai>ftllfftt i A 0Q3r«neetioii for an objoot 
with a i30«t?iiiraB f. t , ••"' > '^(Ai aaoh that fcwr <j'w§ry ol»4«ot 
^* f* g mfi ©wwy oorpliiim A ——> A* timm oxiste a uaiquo m&tpi^ 
im RCA) ——>^' fji^  I i9(^ c&i|g tho aiagi?Mi 
GOrritttiititrw 
. 2 2 
^ g aad H ( a l^ motor f^ ror a to 2 ) ^ oiaied covoflfiotflr 
of c in 2 • 
HjgOI^ I^  0«5*d t fun o<»iQ«!|yt(i of voflaotion* x^fXtotifOf i»ilb« 
oatOr-iosy ^wl r&f'.mtoff mr® dtta^ of ac^sia^tiont core-!l9ctiim 
mlxmtdiioi^ aai ooroflsctor. rtiteliMJllte] p»l23«»120 « 
;?o mixtloa in tMn ooetioa oon® isoy rasiilts ^ aan^ Nir thaovyt 
in iifl[8l»7 oliKiJtsxs* 
Tim toVLofiAm i0 a rosnilt of miat»r t&ooxy* 
SSSSi i$ te ^•4*'' « 3^ <af^ a®m)t0iJ til© l#c.frs. of atls w^ 
(aT )^ donoteae tiio g.e.^l of affc# t!iaa <iit (lle)> m (<«ttl»t<ttp<i>) 
^init «Ni qtteto CI fo«r rootato on ;/osd^t 1^ <^ "B SISA groi^^« 
ggQao^itioii 0.4>2 $ :>oxy mtt w iu oqaiiPAl«»t to n pair of 
liOrdOy 0119 of tho forr :/^ ^ a^Of tJia othia- a connuiiior ««W8n4 
?«»o«^*i«» 0.4.3 I Ttm aovteoiati peodmt CTT A^  satiefioo 
tte lair «r iff w in a tm in ovoiy oo«itittiitiil A^  • 
l^mMsmmh II - ( f7J 
- 23 
i*o«^i^iy> 0.4*4 f flMi wovft «. i0 A Ifiif in tho fumoUth 
tmtm «wap of tli» eriti^ia p*@3rot^  A if aa»3 mOy U [•» «L^|] 
aaS «^ :^r» lone ist A. ^ -, 
^mmam B • [i? j 
gfaaoiriB 0«4«5 t Zf Xt yt a aa^ <i^ tlsroo olorniUs of mi 
arbitrary iprou^  than 
(i) 5^ sy,8] •• [5s,ij3^ •Ots] 
(ii> [k^yaj » [a,E].jk,y]® %l2pi!a)saomia.(&lJ 
jg^^iiagr o«4»6 t iXno m hiam t 
(i> [ i r \ y j « [y.icj«"^ « [>tyj--*'' 
(ii) [x .y i ]« [v,,]y"'^  «|«,yr '^*^ 
(iii) \f\r'h [xpy]^ *^ *''^  
pM^veta 0,4«7 I Xf «t art s tvro a&Mtristxy oloMiilo of msr 
eiPmtp t^n wo havo « siitt iaonli^ 
0» y*\o]^ j>t«*\«]* •[«§ x* f^y}* «1 iiwtsiMBi H. \m'] 
9iy^l«yy 0«4«3 t 10 alao aoAaoo 
t»iowi^ 0,4»9 t Zf x»yfS avo anQr ttiroo oXonosto of «»fcroo;^  
thwft no haYO a 7itt iaoatity 
24 
i s tfqittlvialonl ^  n tmt of mailm mush of nMeh i s m pro^iiet 
for mmo 8iii)s«t n of ^li?tt*«»ta^ usEniMmi il« [67j 
fl^ f^folljaaRy 0*4*11 • Evox^ ^«'«ariabio wor^ w I|JII» a uisiiuo 
-t [ 
^Ei«?© | ! i l ^:5^ • 
1>3 i> I ^ 
^Qof t 0®ti^ aofinitlcm 0.2.24i i t dircctli? follof^ io tmm 
^mermi 0*4*10 « 
l*goD08itioa 0«4»1S f If t?^  io a ur^ -jtp ftres^ly gQmasmtfM 
tsy f ^^ f^ f fgi^-f*! than t!sf> aato- orMf^a |fiv*»Ei ^ tho 
fonoariag ©a i'lg© of tho gonoratlJig oot £ Into ff^ gi^nm^m 
t!io £ititQ(;%(^ |Msia gs^ iap of F^ ^ s 
( i ) t!io po3mititfcloi»i of g 
( i l ) f I - ~ > 17' , f^ >^ f^ ( i i ^ l ) 
CiU) f | >^ f^fgt f^ > t^ U |41) 
il.41i mmamn H.(67] 
|»yonoaitloia 0«4«13 I Xf tia a^ roup 0 8ati0fif>o tint lav 
[Xf3r»yj« 1 tHoa & is iill|»ot<ifil of oimia 3 t ^«^) io abolian 
. , 25 
IRMNiritt 0»4»14 i Xf t!^ gnmp A ptmnmB^ n set of nomal 
fmbgxouips E|i»»«t B^  and n out>;pr(mp li Qaon tha^ 
Cil> % prober mitei®t of tha set ^^|#»*»-|,| «tA*''lcoo 
tog® top *dth L»to .:aiiorato A t 
( i l i l ewi»^ oatanl C(K"x?atR5{iOjr groap[rt^ljt..., •" i^C®)!^ ^*'^  
m in norao posrmtation of t ^ iotooore ift^t*.., op io triin:^ 
ttmn A in not critical :i(mmm :i'(67j 
I<M wo lainticin eono iP@oaXto oa nm^iotiil ttocsry of eroo^ 
iWlcti einll bo asea late/r mi. 
fC 
pg9t^oaition 0.4»15 i A olnso of Gx?oaixJ io^mrioty iff i t io 
olosoa uisasjr tito forfnritioa of euti^ttps CJ)t Oortosiaa protbicto 
gy>»eoitloi^ 0.4.16 i 5?liaP0 i s a 1-1 oorrasi^naoiieo botimon 
%b& imrio%io» J ana tJio foliar iavia?iii«l oat^ r^oupi V of 4 , 
Cor tho oXoood oot of K^srOfi 7)t znv^ Xy t i f V i s tlio oXfioo 
of fHX groopo oatiafying tlio Xmm of V timni 7 veprosontft ttio 
•ot of all la«o that hold ia ovary group of | 
14*?1fl)^omoaii tl 67 
fflUPBlifllT ^•4*17 i Xf two oloofid ooto oi l&m a« V dofino 
ti^mffio'ioo g ana 2 rcjspootivoXyf thou 9^7 i i ^ i o o 
- . - 2 6 
ttiiw tbfiir vmmX animl'iga • 
tim «olimblo Ttirletj of l®3^la £ nail | i® tlio ab^Xlmt 
variety • Cli. ir^ I»j>,fr^ 3tlloam i^n B.II. (soj 
t!j0 Oily 1fl»ii; v^-inotioo t!»*it itr® Oolsrator unriotlee 
Cflgjaiagar 0*4«32 i S!^ lam of a f i ^ t ^ ^roup hm t% ftiUtu 
gtiaoy«a 0«4*23 i Tm f-m» «»!i»cibfsliai'i ipnmi^ of ordar oJMi^  
H*^ nmaawm il-fst] 
fhaogflp 0«4«24 t ilwas^  tnarloty io e^ ^^ ^^ ^^ o^ft %y itti finitoly 
jaumft 0»4.23 t Xi«t I be tlio vnrloty a^ ifiiMd 1^ tli law 
(x y^} tiioii I ooasiste of all {p^oo^t A ooyt o^ocimsisiiig 
ft mxmX ^bgroofi H suoii that H oaa V8 aara of oxponoiit 
2 and I U iM^ soawtated 1^ aiQr ooo of itii firao 0roii|io of 
fiaito mek, U^j$ mmmm n-[mj 
27 
JnaSfjUUIitt 0*4«26 I It % ^ &m ttm folly Invmrlant 0ii1>» 
thmn th© luiwi of J | as?© (jtwa ^ tho iroKlbQl nufcgjrou® C^^ ) itf f * 
** 1 ^ 2 *^3i ooijvors^ly 2i'2 i. '& 2 li?i»U©B 2$ 1 iJe i 
1» partiooliaf g| 2 • J^ 2 *^^*«^ ill ** fc • 
gyoBOQition 0«4*29 i A pi^ tliaot vsrtoty caaaiotfca/3 of at loc^t 
tUTdo aoa trlvinl fuctor; oaaiot t>0 (tQiii!^ ;t0a ts^  a finite gxm^. 
''lifogap 0.4.^'5 I A proa««jt imrloty g J *» gjituai^ teft ^ 1 
fiaito grm^ If tlie asepmmntd of 2 and 2 ^® rslntiiNily 
pxiisot il i» nilpoteat oM 2 ^^  aboliaii • 
24«64t tl^ asawn il.(6T] 
fhooapttit 0.4>*'i1 t 2imgy «or4 w in oqitiimloit to -i mt of 
o i l tposrdo IF rT(A|t0^t^*«i 13^ } isli^ ins 'TTCB|f...fi&-) in a. 
Cc+i)-sl' lovor ooatiral toxfi. 34.t2 »»i»aaofi H.[STJ 
°iyff?T**^ 0.4.32 t Xiot 2 iM t ^ ailpotiitit varioty of tilm» c 
N^ioa o i l tlM laflw of g folioit fawn (^t«««« %^il <<^  
o^ v^uriolAo liMO 94*13 Wmmam il'(ffj 
28 
t»i»iWii»aitloii l«4»33 I t looflUf flaito vsirtety is g«fi«ti*«d 
mfsa^ R.M. [69] • ^l] » »aeto r..^ o) » Xol»U ^.K. (iS4] • 
'•fe»«ii^  at-m [®?) t 'Jiifemt a^  [D]» | 9 ] , ^ O ] . |O»] • (?i^  
28 
tut flnlt* ^mlM ptc^9s& ^vtbQttuBX aH tli* 34iiMi of a gkmn 
groQp aio a«x1.imKlo froo n Sinlto m»t of lUnm* 13 fotm l^ to HoM 
in offixwitifo for ooasl^oratci? cinaQr emeu* Oaci of thm io 
*ew3sy ttfd.%9 groap bsiis ^ finito hmiQ for i ta Imiie*. (cf. eoro** 
(JuasfsOl^  poople Ivwo mjrksa foj? fialto groups of .tmsii Mglier 
i»^ 3i*©» Xn tliio oiiaptort our cdte io to flaA mit tl^ o hmiB imm 
for al l gros^e of g^^ aer io"r lairm or o^a^ to 15# la factf tM 
Ifmt of a finita uoap ti oro tiso ioa^ lioadiiii^  la irjirlety, 
var ^ t laliloii lo n Oro©a irarls^ (ooo tUmoTma 0.4.S1) 
t •ii.i.«miiHnc»>i.r lliUMilli i w i w i i — 
Tim grottpa of onlor 2U5, 7» 9,11, 13 aa^ 1-^ fiare a l l 
ol»tllaii (oyollc or mm-^^lic} m»\ thuir 1 ^ m mm <Ni&ll3r bo 
oos^tod iQr propoRltioii 0«4«2, ftjorsforo I t limY«ft us to ooit 
out tlia nofMdMillaii grou^ of oraor Imn thtm or Ofiual to 19* 
^toy ore I £^ t ttio oinodr^i pfmtp of oxdor 2», 3 j | « X 7 # 
'^t tlw «|iuitomloo group o£ w^m a* A^ t to latomAtlng 
«rot^ of diogroo 4 *«tl or<l«r ir ana ^ iproi^ i l^  « g|> ^SfSrii^  M I 
/ • 1 t a*^  • «*'t «^ • « * ' [ • of <a!«or I t . in tfttNOiito 
tilOSO gSOttpO 00 fOlXOWO t 
30 
Table 1.1.1 
S.No. Order of groups nature of : 'Presentation of groups 
groups 
1. 8 Qg gp|x,y|x^=1,y'^=x^,xy=x"" I 
2 . 2m, 3 Im < 7 D gp{x,y|x™=1 , y^ = 1 , x^ = x~V m 
3. 12 A, gp^x,y|x^=y^ = (xy)^ = 1 } 
'4-
-1 
4 12 M gp{x,y|x^ =1,y''"=1, x^ =x""'',xy ^x"""/ 
1.2 The varieties var D , 3 < m < 7 
jye, in this section study varieties generated by dihedral group, 
^rnf 5 1 m <^  7 showing var D^ = var Qg. We do work out the basis laws 
for D. and D (p is an odd prime). 
Theorem 1.2.1 : var D^ = 4r) 4? b^is^ © P is an odd prime. 
Proof : By presentation D g 4 Apj hence var D i. A Ag conversely 
we have to show that every groupL,^ .A Ap is in var D^  Since A kr, is c^ 
—p —c. p —p —c 
l oca l ly f i n i t e , i t suff ices to prove tha t every c r i t i c a l group in A Ag 
i s i n var D i . e . , the only nonabelian c r i t i c a l group i n 4 Ap i s 
D which i s obvious by def in i t ion of A Ao* p =p =^ 
Theorem 1.2.2 : Var D. = var Qg. 
Proof : I t i s immediate from theorem 0 .4 .23 . 
Lemma 1.2.1 : A minimal c r i t i c a l group G t h a t generate^! Ap A Ip 
i s of odder 8 . 
Proof : By 51.36 an abel lan c r i t i c a l group i s cycl ic so does not 
2 
generate ^A^Z "therefore G i s non-abelian 2-group. Further a 
31 
non-abelian minimal critical 2-group is clearly of order 8. 
Remark 1,2,1 : Also 2-groups of order greater than 8 generate 
2 
^P A Np ^^ "t they will either be non-critical monolithic group or 
applying Q, S, C operations on them we have a critical group of 
order 8 e,g,, Central product of Qr. is non-critical monolithic 
2 ^ 
group generating Ag A Ng and <2, 2^4;2> and <4,4-l2?2.> groups 
have their factor, groups isomorphic to I). « 
2 
Theorem 1,3»3 : Var D. = ^2 ^  22 
2 Proof : D. is metabelian group of exponent 4» i.e. var D* "9: Ag • 
Further it satisfies the law (x^jXpjX-] which asserts that var X>^ 
2 
- Q Ng. This implies var B.S: Ag Agg . On the other hand let a 
be the minimal critical group generating Ag Agg, then |G| =S 8 by 
2 
lemma 1,2,1, Thus we conclude that var G ss Ap /KMO ^ "^^r D-. Hence 
2 
var D. = ^2 ^ S2 • 
P p 
Remark 1,2,2 : var D. 4 Ap as Ap cannot be generated by its 
finitely generated free groups in view of theorem 0,4-.25. 
Theorem 1,2.4 : ApAg = var ^'x^P, Cx^,y^} 
Proof : Clearly A Ag ^n var ^x^^, &^,y^]j. Conversely 
var ^x P J [x ,y ] f is a metabelina variety of exponent 2p, 
hence locally finite and generated by its critical groups » 
33 
Consider a c r i t i c a l group G i n var ^x^P, [ x ,y '\j then 
whether G i s abel ian or nonrabelian Cr f> A Ag* 
to estnil nil tis9 mmrm imlmitm 1% mifflem to 0ho» tliat 
[kf^ts] «««^ C^ty] • ^l«£»rly [«^»yj = jr*«(ktyj. x, |ktyj l^ 
m etPiBnatiitimj lia^ »» or3«r 2 l a |^ ^ g- * <'*o j^ Xp [XtStlJ « {3 ^t] « 
Bttt (x,5*,8]«w»> Px, [ictyjj • lamso [x,y,ar)iwi«> L3^,y] «4iloh farther 
1.:*«6 t ?a» ."^  " fa r ii^ • 
Ip^Qg f . Iratly SI© not® limt C^ ii:. a out^troij^ «e B^  no 
l a 3L ana Cp **^ ^* *® ^^^ *^ '^^ ~h^ ^^ ^mpmiXim. O.4.3. 
ifonevtrarf ^m ksuMTf tigr prolitlQm @«3d ( i l l ) of BonR I^ag ivi^ Jimadler 
\m] that % •» %^^a* Mmm tls© sot of lawo &i %^ wH ^ 
0X9 mtm msik @o aro VKT i3t^  o ^ mar 0^ * 
1««>,2 I 1^ tluiortii 1»S«1 «• ooaeittAo tluit vnr ^ < 
1#3 t in mrtoiy § mar ^ 
^ fiiid out in HHAB Bootioa t l» ynrivty tIMfc i t goiwrttloA 
IQT k^m fmr^teir «» Mull invMitipitt tiMi IMH* «^ iwr A^  « 
33 
Lemma 1.3.1 : Any critical group G of AgA, is of order 12. 
Proof : Obviously |G| = 2".3^, We claim that p = 1. If we 
otherwise allow p > 1, then assume without loss of generality that 
p s= 2 and a = 1 so that |G| = 18. let G be D^ without any 
loss o| generality then G must belong to AgA^ which is not true. 
Thus |G| ^ 18 and ^ ^ 1, hence p = 1. Now next claim is that a=2!. 
Adversely let a = 1 then G '^ S, which generates 4/^  42 ^°* "^'^^ 
variety ^ Ay If a > 2 e.g., a = 3 then |G| « 24, hence D^g "^ ®^"*^  
belong to Ap A, which is untrue because D^ g generates Ag Ag » Hence 
a = 2, p = 1 so that |G| = 2^ .3 =12. 
Theorem 1.3.1 : var A. = ^2 -3 
Proof : Since A. = ^2 ^ ^2 ~ "^^  " ^3 ' ^° ^^^ Ad. — ^ ^3 
In view of proposi t ion 0,4.30 and 0 .4 .24, ApA^ is l oca l l y f i n i t e . 
So proposi t ion 0.4.33 guarantees tha t Ap A, i s generated by i t s 
c r i t i c a l groups. By lemma 1.3.1 amy c r i t i c a l group of Ap A^ i s 
of order 12. Now we cannot take G as Dg since Dg ^'Ao A,. Also 
M (cf, tab le 1.1.1) i s of exponent 12, G^'M . Tj^ us G (? var A, i . e . , 
42 43 G: "^^ \* This Completes the proof of the theorem. 
Theorem 1.3.2 : 4^ 4g = var {x ^ [x'^,y^] , (x ,y ]^ f where p and q 
are d i s t i n c t primes such t h a t one i s odd and other i s even. 
Proof : Clear ly any group G fi A P s a t i s f i e s the laws x^^, 
• ' ' " = p = q 
|x^,y^] and [x,y]P hence 4p A^ C. varjxP^, [x^ ,y^] , [x,y]P}= V,(say] 
For the reverse inc lus ion, since x^ *^  ==> [x,y]P^ and (x ,y]^ also 
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hdilds, t hen [ x , y ] ^ holds because (p ,q ) = 1, F u r t h e r s ince [x,y] '^ = = > 
[ [ x , y ] , [Zfw]]^ and jx^jy'^J a l r e a d y h o l d s , we a s s e r t (_[x,y]^, l>,w]^J t o be 
t r u e . Now [ tx jy] '^ , [zjw]^] and j^ D<:>y] ,(z->w)]^ iiold t o g e t h e r only i f 
f [x,y3 , [z ,w)] h o l d s . T;j^ us V i s a me tahe l i an v a r i e t y such t h a t a h e l i a n 
f a c t o r s are of r e l a t i v e l y prime exponents , hence i t i s l o c a l l y f i n i t e . 
Let a (? V he a monol i th ic group then H = X^CG) <_ ^ ( & ) , hence H<fG. 
Also Gr* <i G, Since G i s monol i th ic e i t h e r G' = '^ 1f or H = ^1J . I f 
G' = ^1^ then G i s a c y c l i c group of prime power o rder hence G f? A c^ 
A_A • In the second case H =^1?then G o A -A . Thus V <^ A A . %> =q ' '^ =P =q = — =p =q 
1.4 The v a r i e t y var M ( M as i n t a b l e 1 .1 .1 ) : 
We show here that var M = 4512"^  ^ 4 - "^ r^ {x , Lx>yl > |x^ »y ] (• 
Theorem 1.4.1 : Var M = A^ Ap v A. . 
Proof : Since M is a metabelian group of exponent 12, hence by Pro-
position 0,4,35 var M is generated by its critical group,Any critical 
group G in var M may have order 12, 6 and 4. But M is not critical by 
theorem 0.4.14 and hence G f^  M. Thus G may have order 6 or 4 only, i2ie. 
G 3 _ „2 ^ S, or G'=^C.. We cons ide r a group H = S ^ A C . = gp (x ,y ,z jx-' = y = 
z''" = 1, x-^  = x"* , \xifv] = 1 , u (? S , , V (? C. ^and a p r o j e c t i o n <^ : H 
> S, def ined by x >^ x , y ^y,z > 1. Uow a group M = 
g p ^ a , b | a = b^ = 1, a = a"" where a s t a n d s f o r x and b s t ands fo r y z j 
i s a subgroup of H, C l e a r l y r e s t r i c t i o n of 4^on M say 4^ |^ y def ined by 
a >x,b > y a l s o g ives 4 ' j ^ , M = S , ,There fo re M i s a s u b d i r e c t 
product of S, and C^,Hence v a r M = var (S^ ,C , ) = Ao A, v A. 
Theorem 1.4.2 J 4^ Ag v 4 . = v a r ^ x , Dc»yl , t »y ] f 
Proof : Let V = var^^x""^, [ x , y ] ^ , Lx^,y^]^ C l e a r l y A^ Ag v A^ £ -V 
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as A,A2 V A^  s a t i s f i e s the laws of V. On the other hand 7 i s l o c a l l y 
f i n i t e and hence generated \iy i t s c r i t i c a l groups. A c r i t i c a l group G e l 
has sylow 2-sulDgroups and sylow 3-8ti'bgroups which are abel ian and the 
l a t t e r i s normal in G. Thus c r i t i c a l groups of V a re C^ or a group H 
with upper 3-eer ies 1<aN<lH such t h a t H/N i s a 2-group. Moreover Jx ,y J 
implies elements of order 3 are cent ra l ized hy sxiuares of elements of 
order 4 , because N i s se l f c e n t r a l i z i n g , hence H/N has no elements of 
order 4 . Thus any c r i t i c a l group G i>elongs t o eitherii?»3kCf=A. or var H s 
Aj Ag , t h a t i s ^ V OA^ Ag v A^^  
1.5 Bases for laws 
We summsorize .m« following t a b l e what we have already done : 
S.No. Order Group Basis laws 
1 1 t r i v i a l X = 1 
2 n;2<n < 15 C^^Ccyclic) x° , | x , y ] 
' ^ 2^^ .^ 2 , x2. (x,y] 
(noncyclic abelian) 
4. 9 C XC, (noncyclic abelian) x , ^ ,yj 
5. 6 and 12 D3 and li^^l>^y^O^ x^6^y^] 
(non-abelian) 
6 8 D. and Qg(non-abelian) x^,(x ,y j 
7 10 D (nonabelian) x*'°, (x^.y^J 
8 12 A^  (nonabelian) x^, (k^ , y ^ ] , | x , y ] ^ 
9 . 12 M nonabelian ^^^» [?»yp» (?^»y^] 
10. 14 Dy( nonabelian) x ' '^ , fx^,y^] 
Remark : I have come t o know through correspondence tha t Mr.Richard 
Le'^Mngston, Brisbane (Aus t ra l ia ) has been able t o push on ny work 
t i l l the groups of order 31 . 
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fho of^^lHitation of !)ci8i<}*ln»e» ^hloh i» f inite for ^ § 
tti9 ^ Ipo t tn t imridty of OIQDO Cf ii^ aa opsn parobl^s* Sitieo 
ssiXjiotozxt imslo'y of oltmio o ooataixi0 an infinite atsolian o^ s^itpt 
i t do:*£3 not ®atioi> t to f iai to ©^loaoat la^» fM tJto otisKr lsmit3» 
a mitwariaty of ail^joteait imriotsp | ^ of ciiiSB o o,t> an 
nt^liaii -fariety ^ of ei^ /OHo.ttt o oatiefims tins f ia i te 
<iX!'OX]oixt Irssf aP » t . siiftniCor© tfis jsrotJlrs of fisilian tlio 
tiasio^la^/o for tis® nilijotsat imriot^? of oliaci o hsi^  ts^aa trajas-
ln.tea to t l u t of fltiaia': tlio !jasi£.-lai?£J for t!io Ir^ltice of ria!>-
vnslotioii of t-'lii Vi3Sl0t3?. 
l a t^ xln clinptajp, s?o i!jimatif??ito tiMJ !»isl« la«/s for tlm 
lauiitto of nabvsciriotisp of ^ t to j£ ^3 for .Mol^ Jotmtmn fesj 
Isuu aloo iwtifiad nor^ ramilto viittout pabllsiiiag tmir prt.ufa. 
2.1 Xmm for tlto lattl?© of foAbvariotioe of ^, &M Ej t 
n^ « tha i^lpotetit variety «f oiai*a 1 iai th« inarioty of 
a l l abiilian groops* zto lattlcio ooari.'tfi of tlio n^oliaii ^mri** 
tioa of imiioa&nt B i«o*f ^ <«}wr» is ie a natifiral OMUIHIV* 
ThftXttforo tor oov^lXaziois )«;*5«' ami t4«ll ttm 1»a«ie iaMQ for 
tho IttttiQO of !m!)vari«tioii of J^ liro 3^ » I , ^»y] « i for 
ooBKi iMtuBral aurtbor a • 
<-m>Y\, 9 ^ . latt ioa of o^^ivarietiofi of E, ooasiato of alioiiAa 
ipio^otioo and |^ itoo&« Tiuiii tlio %&»» for thio lat t ioo «w 
^ « 1,[x)^]-l'^L^j)«?'j=1for some natura l numbers m,n. Clear ly n|m 
otherwise (mTn) « 1 would Imply t h a t [ x , 3 « 1 holds i n Ng i 
a cont radic t ion . Further the exponent ot the derived subgroup of a 
2-.group of c lass 2 or 3 i s l e ss than t h a t of the whole group, we hav^a 
the condit ion (2,m)jm combining two condit ions we have 'n(2^)\m, 
2.2 Prglirolnaiy lemmas for subvar ie t iee of H, 
We prove here some preparatory r e s u l t s regarding the subvar i e t i e s 
of H which w i l l be used i n <^2.3 • 
leiiana 2 ,2 . t t In a subvarlety ? of 5 , , 
( i ) Ev«ry basic conmrutatop of w e l ^ t 3 coumates with every bas ic 
commutatQP of Weight 1 , 
( i i ) Commiitators of w e i ^ t 2 commute with each other 
< i l i ) (x»yB,z] m ^ , 2 , 2 ] ^ # y , 2 ] 
( i v ) (3:,yz,y] « (? ,z ,y] [? ,y»y]. 
^rQo^ t ( i ) l e t var G « I i l3» ^^e» | a , b , c ] e Yi(&)» But Y 3 ( ^ ) 
i-^iO)^ Hence the r e s u l t ( i ) 
( l i ) l e t X be the word group then , 
(6(X),6(X)] » CYSCX), YgC^)] < Cy2(^>»xl i CY3(X)a l , which implies 
t ha t commutators of weight 2 comrrute* in a subvariety ^ of ^3 • 
( i i i ) (x,y2.z] - [ & , z ] . 6 c , y r . J « rT ,2 ,2^ '^^•^^^[ f r .yJ^23 
«&»y.2] (?»yf2»2] ' ^ ' ^ J . (x ,y,z] since (x ,y]^»(x,y ,z] | ^ ,y ] 
and conjugate of (x^zjzj i s [x ,z ,B] l t s e l f 
as | x , y , a , 2 ] « 1 
« (?fy»z](?fy»2] 
( I T ) &,yzfyj « [&,2].[x,y]*»y.l 
« [x,z»y] [x,y,z,y3 ^*^-^, fx,y,y] 
« &»5Bfy]&tyfy] . 
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Ztmrm 2.2.2 » In a BubTarlaty 7 of gj, th« law fe,yl™. 6^ty»y]^ • 
fic,y,x3^ « 1 is equivalent to the set of laws 6c,y]^ » 1 , |Xfy,yl^a1, 
&...?. 1. ' ' 
Eroof I (xtyj" « 1, (XfyibTI'^  « 1, \x,y,xj^ » 1 imply the law 
(?tri"* &,y,yj^ . rx,y,x]P o 1 is obvious, 
let the law, 
g,y3° |x,y,y.l*.(x,y,x)P » 1 2.2(d) 
hold on V, Patting ^^ for y in 2.2(cL) and expanding i t with thearem 
0,4.'5 and le-ma 2,2.1 we get 
[x,23^fx,y3«^rx,.,ci^ &»y»«T.&.y.y]^&.«.=^P[fe.y]^ « i 
or [x,2J°[x,y2f. ^i ,y^^ (x ,z .z ]" . tx,y, i r |° . [ ^ t Z ^ T . (x ,y .yP . 
| x , z , x p ^ , y , x p a 1 
Applying lemma 2.2,1 and ident i ty 2.2(a) we have 
[x,y,23"« |xfy»z]^. (x,z,y]^ e 1, which on replacement of y hy x 
gives |x ,z ,x ]" m 1, namely, |x ,y ,y j^ a 1 2.2(h) 
Purth«EP substituting xz for x in 2,2(a) and expanding i t as 
above we ^ t 
6»yP^ &,y]^ [&.y3^ t.yj,y3". [fe,yj«. fr,y3, xz]^ « 1 
0^  &,y.^^r. &,yr. 6:,yr. [C^.y.d. &.y].y7. [^.y.y]°. I?.y.^^P . 
&iy,3cej^ « 1 
OP [x.y .z]^ [x,yf. t , y f . [x,y,y]^. &.y.yf. [x.y. jP[x,y,xjP . 
[.'^;:^;^]^[z,y,z]P M 1 
er [x,y,z]®l3c,y,z]^. [z,y,x]P » 1 by applying lemma 2.2,1. "^^ 
Thie identity ©n putting x for y gives (zjX.xp m 1 i.e., (x,y,xJP » 1^  
fhuB we have shown that (x,y,yp a 1 and (x,y,x]^ • 1 a.Te consequeneee 
of 2.2(a). Hew hy 2.2(a), 2.2(b) and 2.2(c) it follows that |x,y]* «1 
ie alee a consequence of 2,2(a). 
. 4 0 
1\AJU> ^^^AJCHA/^ - t ^ £ c o j > b t o i j ] ' . J^xj>^Vy] • l?<^:>')}^]~ 1 
eaf Qmwmqvmmm of 1 ^ %m {xtyty] •• 1 ia a 8almiri«t|' £ <^  |^ « 
S5fyfy3 • ' s#a(ai> 
fldttH !^» tiaap of thoom 0*4«3(ii) asaA Xema 2*a«1 aiiA using 
S«S(d} we fiaa timt [xtyts) (Xi»«yJ «• $ is o iasr i a J t^tontfrra. 
L«i5rt»] • [?#%y)*^ ^ j?.a(o) 
is a la:» ia J • Hit also [«»yfa] w[irf3ifSi]*'l^*^J »[ytXt«)*^ 
thmmtacQ 0*a(o) ttoooooo 
(5i«ty] • [yt^i»l 2.2(f) 
C» yoattn^ni tiio irarla^eo of 2*2(f) no oMala 
[y,«tii'] •• |jB»y,Jt] ^.2(g) 
OoQMisiiie: 2»2Cf) m^d 2«2(e} mi h^ vo 
[xf?-!^] • [Sfytx"] 2,2Ch) 
loir ooaoiaor ^w ilitt^iaoality (of* tHoorm 0«4*7) 
[%y'*%«)^  [/#«•'%«]• r«. f \y ]* - J 
or [Cy , , ]^" \ . 7 [ [ • • y ] ^ ' ' \ i c ] % , « r , > j ' ' - l 
oliioli yioido [y^Xfo] ^yfX^ jx«itfy] « 1 «'?*2(i} 
aofif oonHiiiiiig 2«2(e>9 2»2(te) oaft 2«2(i) w Cit 
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lenma 2,2.4 s Thie laws jx,y,3r] =taMt|[x,y,25]^ = 1 axe consequences 
of the law [x ,y ,2 ]^ . [z,y,x]® = 1 where d = ( r , s ) and c = 3d 
in a sutol>ariety V of N~, 
Proof : Consider the i d e n t i t y 
[x ,y , z l ^ [2 ,y ,x ]^ = 1 2.2Cj) 
On put t ing y for z i n 2 .2 ( j ) we get 
[x ,y ,y ]^ « 1 2,2(k) 
On put t ing y for x in 2.2(3) we obtain 
rz,y,y]^ « 1 2.2(i) 
From 2,2(k) and 2.2(1) we have 
C^»y»y] == 1 where d = ( r , s ) 
Also [x ,y ,y]^ = 1 =«=> [x ,y ,z ]° = 1 where c =. 3d. Hence 
tx»y»y] = 1 and [x ,y ,z j ° a 1 are consequences of [x ,y ,z]x 
'^[zjy.x]^ = 1. 
Lemma 2,2.5 ; Any 3-variabl0 word w(x,y,z) i n N_ i s equivalent 
t o a se t of laws x^ = 1 , [x ,y]^ &:,y»y]^ [xiyjx]"! = 1 and* 
[x,y, -z]^ , [ z ,y ,x j^ = 1. 
£roof : If x^ = 1, [x ,y]^[x,y,y]P [x ,y ,x ]^ = 1 and [x ,y , z ]^ x 
x [ z ,y ,x ]^ = 1 are laws i n N, then so i s the word x^, [x,y]^X 
)^Dc,y,y]^ Cx,y,x]^ C^»y»z]^[z»y,x]® which i s a 3,-variahle wori . 
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Conversely we have to show that given laws are consequences of 
w{x,y,z) = 1 • Since in forming commutators we need collecting 
process (def. 0,2.34), we assume for our convenience that x > y > z , 
SU« Q-p ^-x j _ -J 1 
then by coro l la ry 0.4.11 w(x,y,z) = x , y . z -^  . | x , y j x 
K[y,z] ^•[x,z!] ^ . [x,z,y]^.ty»2!,xl®. fx,y,x3 ' ' . [ y , z , ^ ^ . [x ,z , z ] \ 
_ ~,<li _ -1*^2 r T^'^ 
x[x,y,xj . [y,z,yj .[x,z,xj ^ = 1 , 2.2(m) 
Put t ing 1 for y,z ; 1 for x,z and 1 for x ,y respec t ive ly 
i n 2,2(m) we get 
x ^ = 1 , y ^ « 1 and z ^ = 1 2.2(p) 
Prom 2,2(m) and 2.2(p) we obtain 
[x,y] ^ . [jtz] ^, [x,z] ^ . [ x , z , y ] . [ y , z , x ] . | x , z , y ] ' ' . [ y , z , z ] ^ x 
K [ X , Z , Z ] 5 . [x ,y ,x] '^  [y,z ,yl ^ . Cx,z,x"] ^ » 1 2.2Cq) 
Putt ing 1 for z in 2.2<q) we get 
[x,y] ^ C x , y , y ] ^ [x,y,x]'^^ = 1 2 .2 ( r ) 
Next put t ing 1 for x in 2.2(q) we get 
&:,y] ^ . [y ,z ,?] ^.[y,z,3r | ^ = 1 2 .2 (s ) 
Again put t ing 1 for y i n 2.2(q) we have 
[x,z] 5 . [x,z,zj 5. [x,z,i] ^ = 1 2.2(t) 
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Using 2,2(r) , 2,2(s) and 2.2(t) the ident i ty 2.2{q) yields 
r s 
&:,Z,^1 -" b ,? ,x] = 1 2.2<u) 
Choosing a = min (a^, a^j a,) » "b a min ("b-j, bg, b^), p == min 
<p^, P2» P3) and q a min (q^, qg, q,), we observe from 2.2(q), 
2.2(s), 2-.2(t) and 2,2<u) that 
a ^ P c[ 
X = 1, Oc»y] " Cx,y,y] o Cx»y»x] = 1 are laws only if 
w(x,y,z) = '1 is a law in V . Now putting y for z and 2 for y 
in 2.2(u) we have Cx,y,z}^ [z,y,xl® = 1 is a law in V which 
holds only if w(x,y,z) = 1 holds in V • This completes the proof 
of the lemma. 
Lemma 2,2,6 : If V _< N,, then for holding the set of laws 
x^ = 1, [x,y] = 1, \xtY,z\^ =1 and (x,y,y] = 1; a,b,c,d 
being natural numbers, the following conditions 
(a) b ( ^ ) | a 
(p) c|b 
(Y) cl|o 
(6) c|3d 
are sufficient. 
Proof : Since (x,y] =1 and x^ = 1 are laws in V we conclude 
b|a. Further the exponent of the derived subgroup of a 2-group of 
class 2 or 3 is less than that of the whole group, we have more 
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precisely this condition as •b<2,a)|a . 
Secondly' (x,y] = 1 and [x,y,z] « 1 are laws in V , we 
assert c|b. Thirdly [x,y,z]° = 1 implies the law [x,yiy]° =« 1 and • 
|x»y»y] = "• also holds in V , we have d|c. Next "^yj^-s^ =* 1 
implies (x,y,z]' s 1 and |}c,y,z]° = 1 holds in V, we get c|3d. 
Remark 2,2,2 : J<^ nsson*s condition d(S7a)|a is redundant. In fact 
by (y) and ( 5 )» c = npd and 3d = n,c, so that n^np = 3 
which gives n^^ ~ \ or n 2 = 3 . In the first case (p) gives 
h = njC » n^^cl = n.d while in tKe-second case we have b = 3n^ cL« 
Similarly condition (a) reduces in the first case to a = n^n.d(2,a) 
and in the sacnd case to a » 3 n. n. d(2,a). But (2,a) is 1 or 2 
therefore 'a' has four possible representations (i) a « n- n, d , 
(ii) a ss 2 n. n^  d, (iii) a = 3 n^ n^  d and (iv) a = 6n.n^d, 
which when combined together give the condition d(^,a)|a • 
2,3 Main Theorem 
The following is the main theorem of this section. 
Theorem 2,3.1 s There is a one-to-on correspondence between sub-
varieties of N, and admissible quadruplets of natural numbers. 
Proof : Firstly we show that for any admissible quadruplet there is 
15 
is a subvariety I of N_ corresponding to the quadruplet. Let 
X be the word grciup and F == «»/, be the N_ - free group, 
a ' b c . d 
!Phe group N generated by x , [x,yj , [3:,y,zj and |x,y,yj 
is a subgroup of P because any 3-variable wordC in P is equivalent 
to the set of words x^, (x,y] ,[x,y,z]° and l3C,y,y] and the 
lemma 2,2.1 is applicable to the product of these commutators. 
Further since under any endomorphism a of F, the exponents of 
, b C^ 
image elements (x a)^, \\j^f7i af , j[x,y,zl"^f and 
-J d 
<(x,y,y] a( are divisible by a,b,c and U respectively, the 
admissible quadi^iplet, so they again belong to N, Therefore IT 
if fully invariant in F, Now consider the group F/N = G say 
then var G = V is a subvariety of N_ . 
For converse^let V be a subvarietyof _^ . By Corollary 
0,4.11 V satisfies the 3-variable laws modulo [x,y,z,w] = 1 . 
But jjy .^ enmia 2,2,5 any 3-variable law fn liiiinlTiiinnt is equivalent 
to the laws (i) x^ = 1 (ii) tIx,yl^[x,y,y]P|x,y,x]^ = 1 and 
(iii) [x,y,z]^.(z,y,x]® a 1 , Now Ijif the law (ii) is equivalent 
to the set of laws |x,yl = 1, (x,y,y]^ = 1 and (x,y,x2'^ = 1 by 
lemma 2,2,2, On the other hand by lemma 2.2,4- [xjyjzj""^ . [z;,y,x]^ 
_ - . d^  
= 1 implies the law (x,y,zj = 1 and [x,y,y] = 1 where 
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c = 3d. and d. « ( r , s ) . TQ sum up l e t t i n g dg = (pTq) and 
d = <d^, dp) , we observe t h a t any 3-variable law i s equivalent 
to the se t of laws x^ =l,[.<>yl=lj[x^y;2f|:.lcx^4il^>^>y] = 1. TKus for 
any va r i e ty V ^ No there i s an admissible qudaruplet 
( a , b , c , d ) by lemma 2 .2 .6 . 
Now consider a mapping 9 for the set of a l l admissible 
quadruplets to the se t of a l l subvar i t i e s of N_ . Obviously the 
mapping i s well defined. If two quadruplets (a , b , c , d) and 
(a-|, b^ , c . , d .) are d i f fe ren t then corresponding fu l ly invar ian t 
subgroups N and N^  as constructed above, of F j, are a lso 
d i f f e ren t . Thus the factor group F/N and F/N<J are d i f f e r e n t . 
Hence var ( F / N ) = V and var ( F / N ^ ) = V^  are d i f f e r e n t . 
Therefore the mapping 9 i s one-one. Further i t i s onto, 
which shows tha t 9 i s one-one correspondence. 
2.4 Lat t ice of Subvarie t ies : 
F i r s t we shal l Ccm^truct the l ,^ t t ice of admissible quadruplets 
then we sha l l consider the l a t t i c e of v a r i e t i e s corresponding t o 
these quadruplets . 
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A quadruplet (a^ » P^, Yi • S^) is l®ss than or equal to 
<<_) the quadruplet (ag, Pg' ^ » ^2^ "^^ ^ "l'"2* ^1'^2 
Y I )2 » ^11 ^2 w^®^® ' I * means divides* The join 
and meet are defined as follows : 
(i) (a-,, ^ 1, Y^, 0^) V (ag, ^ 2» ^2' ^^ = °^^» »^ V» 5) 
where a =< a^, a2>f P = < P^, Pg^ • y= < Ti» >2 ^ » 
(ii) (a^  , p^, y^, ,S^ ) A ( ttg, P2» >2» ^2^ "^  
. = ^«o' Po» To' So ^ ^^^^^ 
a, = ( ^ 77^2^ » Po = <!p7rF2) » Yo = < •"Yl^^^2^ 
Co ~ ^ 1^» ^2^ 
It is an easily verifiable fact that if pja^ , P2l°'2 
then p joe , and P^la^ • Similarly we can show that 
r|p . s i r . yl 3S an* yjp^, j j y^, %!? £•„. 
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Tims quadruplets (a, p» y» S ) ^^d (a^, p^, y^, ^^ .) 
are admissiTJle if (a^» p^t Y^» ^^) and (a2» p2* ^* ^2^ 
are admissible. Thus (ex <^ ><^  ^ ^ >^ c£) , 1» v , A ) forms a 
lattice 0* admissible quadruplets under division. 
Now let, V , V« be the varieties corresponding to 
quadruplets (a^ip^* Yi» S|) and (ag* P2' "^ a* ^^ respect-
-ivelj-. V^ <^  Vg if V^ is a subvariety of V^. We define join 
and meet as follows : 
I1 "^  I2 * lo "^^^^^ lo corresponds to (a^, p^, Yo» ^o^ 
•¥^  A Vg St V where V corresponds to (af pfY» S ) • 
In order to show that the join and meet are well defined we 
need to show that the set of laws of V^ is V^ f^  Yp and the 
set of laws of V is V^'Vg (**^® ®«* 0^ words that are conse-
quence of the words in V^ as well as in Vg). Since a^t p , y^t C^ 
are greatest comnon divisors of ai»<»<ft « ^1* ^ 2*^ ^1* ^2^ ^^^ 
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Similarly a, P> Y » ^ are leas t coTrnnon multi-plifes - of 
a ^ . t t g j p ^ ^ p g ' "^1 » / a ' ^^* ^1* "^ 2 • ^^ ^ I iB the 
meet of V^  and V^. 
In tMe way we have ncftBii. that join and meet of adrolssihle 
qiiadruplets correspona to the meet and join of stihvarieties 
of | - and Ylce re r sa . Further we know (Proposition 0,4.1) 
that <a, (B7c)> m (<a,h>, < a,c>) which shows Join (l.c.rr>) and 
meet (g. c. d) of nattiral numhers satisfy the d ie t r ibut i re 
property. Henoe l a t t i c e of admissible quadrtiplets (LDXO)CUDKOD, ( , 
V , N ) i s a distrihtative l a t t i c e and so i s the l a t t i c e 
of suh^arieties of IT-, 
»7 
Similarly considering admiesihle ordered pairs of 
natural nranhers we can show that lattices ( uj x. sv) , t « v , A ) '^^^'^  
(t©, I, V, ^  ) are distributive cwAj^ lti^ .fWff- t^-tc^^^^^ 
5l 
Rii''ifl)|ilCl8S 
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C3I141* m - tit 
flM fiitit« ttusis proiaflEi (of* tlmsi^ tiint ih (6t] , !u2S) mm 
pm^ Xtiw* boi?^ ^ .imeaTtitt B«H. (5?]) • ^^ '^ y:^  ^ rorlnyni lileo 
^73)t »»Iioiltt Oatoa mi<3 itj^a»ll (af. 52.111 ifeormaat iu\§i]) msH 
Rf^lfEalJlfii for dirf©r@iifc ^ ^ B edf ^«nrie*4®a# 
e«c©atlir flmin^i S0©(?CJ»] h^^ i^iier^llsiea Colx^n's »^ ork a;ii!a 
hr« TISO rmnimQ. TloarMa*© flaolajwitioa (cf« "loartifi'it^ * (67/) wMch 
i«d llar,c,£m to wit Ktajisr liio oMin» *?!» tktiXtm k^i© proi^irt^' 
ha0 j^irtlier bcsmi stoidioa for ^roanot (cf* Brookrrt Kova^ n tmA 
l^o«t3mi 5^3 t ^^ P^ sEUt K^ T0wim:s(74] iisiriutias of ^p?oapa, cXa? 
OIJ jopt in to ^rovw R i^siii tlieonw om .t jola fwriirlir of ?^ 3Poane» 
flw f l!ilt« Imi^ lfi i^ roblejs %si nuri eonplotoly fiUBwarod in vmr^Vm 
fey Oleanfikilf tT^ l^ wad Vmi^mi lino [70* •J ^ i o h i® tMiyoaa our 
5*1 4 eonjvotiam on ^oia irarioftioti of Ormipe i 
• uniimiii m i i i i i i iw—»— II [ipiiiiii«i«iiii—i—i—iiw iiimmmiiiiiniriiiii i miii » 
S?liA ;)oin of t«ro tiiriotioii ia a vmrioty in tho HOMHI of 
dofiaition .^vlU Sow nlMitiMr a oorsioa iyrof»«rly of tiro 
• • • ^ ^ • [ • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • • i ^ ^ I l l Ill i»iiiiiiii 'I'tmtammmmmmmtmmmmmmmmmmmmmm: 
* thm f i» i to hsrni^ fatep9V%f hoido ia a fitrioty i f f i t io 
firiitely IsaooA 
v«r&«tl« ^'il bt iitiiovitdd by tluilr :}oltt v^rioty io a. tmXvotnA 
qxim^mm }^ <»* c^cfliifl*! MiXX tut Join of two fliHtsXy baeod 
YiixlotifMi 19^  n dtttly bf'Uea ? !??il« lioi9f!ir»r» is ooa,1©'»t«i»d to 
1M oigsitifo* Mt lt» |iro(^ or diHTm o^f in g^ooril i£i etUt opOfi» 
/itiioot ifoaeryla^ for t ^ coltifetoa of ttsi cofi1©> tua?© 3»1i 
*%3miit \^3}§ ^ l ] imi?»4 i'l t«i© 0pef'til oassjs t ! ^ o^im of t*/a 
flftltaX^ I^ Miodi irnarlotlor 1© f la i t t ly hnmjd» 
M i»alA€wi ^loit «o©o p3?opwatoi?y reniilt© l^u® to %aFj3«n 
1M& fpjw^a Bryant i§^ §f1^ 
lM.TjpL S**^ .^  i A vaxloty csf firoums ^tilo'i o«itliit> an ifloittlty 
r^»«•••# x^ i ^ ^ | t «t-?#;>]l •• ^ ^^^ a fiait© tiiiBi® for 
its l'^^. Vanff^ ma fiO©[?oJ 
iM-sm 3mP»2 t If U tmO, 2 tx^ vsiiietior Hii?*; tfrit both 
IV 2 ?iiid g A2 «^o fri!iit»jly Ifcisoa tiioa 2 'sa^  J t« '^ finitely 
fh^ -^gfy 'j'.^ '.'ji I t f g 1« a i?a:rioty of r ro t^ rmft J in a 
till, otoat imarioty ti»n 3oii vssrloty J >/2 is fiitlt«ly txmotl 
I i f f g i0 fisiitely a^fioA* jlvyaitt ^9]^ 
;yh«Mrfff 5»'''«4 t l4it g iM ft finitoly hmoA "vwrioly oaA ^ IM» 
a Tau^ Hon J*tm yrmeUity (««« diif* 0*^e4}t tlMH tuo loin m^ioty 
g v | ie finltoly bafidd* Baryaiit ( T I J . 
^ Je^-i-.'^- S- '^-> ^ f^ -^^ --^ ^ ^^ %'^') ^ - ^ 1 -^^  '^^ ^^^ f^"^^ • 
5»3 
an f oaLl«ii» i 
r^gff ttkta 2 ^ 1 10 fiiiitclLy l^iM i f f g m f iMtaly Dasod* 
@o i.0 g A 2 sliKsa 00 iimt9iv»rloty I t aisada aatitif iun thid tm 
tor mmmp%imu fim'mtmn I,- iiia«a 3.P»2 0 in fioltiily fe^ifiea. 
\ ^ f« .« . f i^ ' ] f ^a^ft ^ t ^ j j • «^ ^^»« tlMs &&% of l«ws 2 
*— I 
otlitv wox^ 2 lo a 0iibv«urtQt3r of IL A A I ^ t n^ iMiXy i t Is a 
tttan* %ap tiMroraK 3«2;i^  gvj >1» f laltdlr baM«. 
IvywH R«u, and nuF. Iliwaw [74]» ^imaaa B.ii« ^ J , lltiiRiiia 
miiPmi'^tv ^^ 
otisllflup to ttiat of the reniOarO. fjitotleaft id^t^ i n lAm*, %-mm^* 
(ef. ?tertli0ott %{?• Ii»5] )• MJUW© profliiet of t^-- ift«iotlOf? In 
laoacrtosilOi auooolatlvet r i ^ i t sai'-traMtiiw owr ^ola ra*! mmt 
aM entiofioo Ofine^ilntloii I tw for rli-Ut a:rtl frictor nnt oiiaai 
to 2 t the l o f t ( \ ) m^ riclst C / ) roPiilafitloi» o»o d o f i ^ 
it»lo i a ?i mt ior t l M^ (ofn <Isf. 0«U!51t 0*«^5i*)» ?0 l»ivo Oljtt%t^ 5<Kl 
4 » 1 *>ttn3L o f efcfer'fStm'itlJGOSIIE^ t 
MK'awaanMHMIMWaMMIMMaMIMMll l 
jRj^llifeiX irr3a?tati»?ii of ^roapo • 
%^Qg«^ 4.1 #1 i <Sf g , J .'lart. J tmi vsis*ititi-,ii? of njpoiirjtt 
fiaS J -k I toon 
thtm thooramSoro 4aaIio(M tm foV-ma t 
^oi?«a 4*U1* t ^ jt» f t I ^^^ i m r i o t i o of groitpo fmft 
f i 2 tlMBl 
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(g J)/ i ^ 2CS / ^). 
4«l#1*i t!io fmtl^r !J n aots rucoeotoa la iircraliict or ^l^ttrnwl w 
g J 2 i^i^S^X ^ l®oi>ositioa 0«4«87« ait oa tlio otii^r teifl 
j j \ | asnorta Cg\|) | ^ i . itoaoa ; | | 1 jCHXj) | Z i | uf'lag 
^sopositloa o«4»2a, 2?bi« turtlsor Itsplicfi (g g ) / ) J2 ^ «» 
g/C^Xj) i^iioh proves tuo thmsran. 
dossil 4*1 vS t Tlio tbeoron 4»t«?* dooo aot Isold if ne climgt 
tlie ^ 'i^^^Ji/K%t7 otiier way rouoA* 
B \ S • I »O g / ^E\|> •• g ^<» aqjr gt tout (g J) / jj • 
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4,2 Theorems on left residuation : 
We shall study in this section the effect of multiplication, 
commutation and lattice operation on left residuation. 
Lemma 4»2.1 (J<$nsson ps]) : It 1 ^ V and U is some other 
variety then UX V >^  U\V' 
Lemma 4.2.2 : If U jC U* and 7 is some other variety then 
u\v < u»\ V . 
as a: "» as » a: 
Proof t 2 < 2* < 'Cg'\v) V implies g\v ^ l'\l • 
Lemma 4.2.3 s For any variety U and V, g 1 V iff u\v =. | 
Theorem 4.2.4 s If U is a Schreier variety such that U ^ V then 
U\V a U . 
as \ss a 
Proof : By proposition 0,4,20, U may be g , A o^ : JL with their 
ususil significance* For U = D result is immediate. If U « 
4p i I then S j ^ A ^ W^tf^X/f urtE^ Jlf, i>e(>i^ '^>ii(>yv^^ a A . 
Also if U a A i V , V has finite exponent. If | had finitet-^ j'Ci* 
-nCso would have S V, hence A ^ S V implies S > A , But S is 
least therefore | ==^  4« 
Theorem 4.2,5 J For any variet.ies U, V and W 
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^^aitih is^Um g\g < ^ g \ ( I i>\ | aM tMa fartiwr aneertc 
otuwp ham lilt H « var A than *#(W) (A) gonorfitsa 
aKa2IB4«S.6t If I ,1 ^ t l m ( g | ) \ | « g . 
>^yoQf I. .ii!»0 2 1 ^ 2 1 ^^ ^ fortiori (^ 2 ^ \ l i. E • 
^^ or v&miTco iooi-ocioat tiy aofi^iltion of Cg J ) \ J ao aotico 
'•).4»2T f g 1 ^^2I^ \2^« ^*^^ conplotQQ tli# proof of 
tH® tiS0ox«o« 
Tmama 4«2»7 • ( iXl) I « I if tlwm ©aelste a v?irt«ty JJ 
aacli that 2 • i ' I ^'^•^'^'^ 2 ** 2 • 
j?y^f t f ^i{\2^ I • 2 ^^ «j£lot@iioo of wirloty S in 
obvlcRiOf tliat Is ^ • 2^2 • Coa9^ 2?0oly ^ 2 * S ! ******* 
1 • i I 1 C2\|) I t ««iloh ippticjo by proTio0itloji D.4,27 
that g X 2 \ l • ^ 2 \ 2 ^ * ^ ^•^^ iwiriolgr twaoo 
I • g \ J ana 00 2 • < 2 \ J ) I • 
4*2«3 i For any vttriotiai} U, ? and W 
(g v | ) \ | • <g \ | ) V | | \ | ) 
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i m l « g 1 C3\g>l ^ 1 1 CS\1>1 li^li«e i^yp 1 
<2\I) w IT (2\i|) I ,t«t C2\g)| V ii\pi « ^ { 2 \ | ) IT (£\|jt)^  | . 
iittiOA (2 V ^) 1 ^(2\|} • (i\jp\ 2 »^4«5*i ifspliea 
Fear tM xov^ T^BG tuelaploa ao hairo 
2^ •'^  S A i ^ y\«l^ ^ i^Nl-** '-^ -'^ ^^  coi3|jlot«ii tls9 proof* 
SlaaiaB 4.2.9 f Few w^ari0ti©fi 3, | riM g p 
aoo© not bold, ^^m mm-plQ io ijivon a® fo'iom 
2\C|vi) - A2\4.« | . . 2\2 « A \4 , « j ^ , 2\w • . 
^\y^ic* ^mmtcff 2VJ^i> *<a\2>^ H^^* 
Pim^pi^ 4*2.1') t For mw «Kri«tlos 2« 2 ^^ M 
seat. • (S ^ Z) £ it £ <2\K> i B«I ()(«X) l X :t ii\t> I 
«lklcli proves tli» tliftortit. 
5S, 
grottp of d«^ ro© 5f ii* 1>® t ^ oyrrtrferio {pr<mp of dtgrw 4« 
m hnm Vi\p ^ ig\i) m ^^^, rut (g/vJJNj • ^ ^ 
fTQOf I % 1« '^ a 4.2#1, ^ aoto that 2 \ C | A^) ^ gXv 
ana 2\(J^2> I 2\S «^ «c0 2\(2Ag)^ (gXj) V (2\w). 
BM^'^ 4«2«9 t TlM mumpte tram mma :^kmmxm*a ]§rt] book p«40 
tiAXpo m in falffif^iag tlm r«vwRi« ineljiisioa la ttm toliot^m ia^ t 
I/vI - i «o g\(iA|) • 2 . 2N2 - 47X45, a\ l -
Arte » * ^ I T 4 6 ^ l y i j ^ i r i a . 
gjjMiiBif 4«2«12 I fwp aflQr iwrtotioa U AHA J 
2 \ | • l \ ( 2 ^I>" 
Tbameim 4*<^ «15 » IViSf anj^  throat 7ii3riiitli»ti g» ] ^^^ I 
rj.i3\g 1 &\«^  • x \ i ] . 
laoof i tM g \ g oM 2 \ g too ^flfimnl Isy tlss » 0 ^ of "iMm 
E una 0 «0or«iotiv®iy« 
by ^10 f«>llo#Sn^ emsipl© t 
,^ ^^ ;;gpla 4«H«^ i i t<dt 2 *" 4 ** S ^^^ i * tt '^ ^^ '^^  
tit il\i - s t ^t [a\s » i\s] • [i • i] - i • 
By ipwajr^  0»: .11 i» o«w easily psiivt gXljilJ^ [XM t l \ | ] 
4*2•14 I ?or imzltttioa gt X ^ 'tad g 
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I OlmaOy sias* X2.\ytn] so % S.^ f j • siaumy 
I i Q(» iT* '•«»'««• anUW !•«» t.?.! jjyj, I j i g \ | 
<^\s>^<2\a>• 
y^yiff? 4.S#15 t For r^ tao if«riaties g oi*! T 
ftH \ tSft * * CBt 
S 1 fl ttimt i» If g i< g • g^ vl < g « 
jj\j - 2 \2 - 2 tart J ^ * . 
9i 
I f ^ & Hi l l aeiwMp iwm ti3»i» gf * 2| ME' | t • J^ •«• 
Mms^ 4,?5.5 I g/'I • (ii i^/Cl i) for I j< U . 
0.4«27 i«*l tills 0i&»iB fiuf^iir tto* g/jf 1 JJ f ' l |» 
f^omM 4«5«4 I For aaqr ini«ioti«o 2 s ^ I 
en 
Theorem 4..3.5 » If g is a Schreler variety other than D and 
V j^  E then u/V a S . 
Proof J U may be 4p or A. If U « Ap ^ V then L < Ap but 
\ i s minimal hence L a • A . I f U « A > ; V then V has f i n i t e 
=p = isp - - - -
exponent. If L had| f i n i t e exponent eo would have L V, hence 
A >. L I implies | 1 4 . But L i s l a rges t hence L « A . 
1CQF * * Mr 391 m flU fli 
^B ^w ^B ^R ^m HP '•IP im ^^ 
mm gi \igi)/l \ 11 inpuw C3^ |^))i C2 / g)/i • Fwiae 
*^^  E ! / ! " I ' ^ ^^^ il t ht ^^^ ^^ ^^  ***>*<^  I >^  I 
ii^liQfi in rim of propeeitioii 0«4,27 «lift% | 1 g* XM» profM 
JCtMUU 4«3»tl t (II / f) T « i i # t^mm miimtB n VKTioty L 
sttc^ v that 2 • J J for | ? ^ | . 
B4 
jlgSB^t («.»«^) Choo6« I » 2^1 «Mii I I >* i * 
wm^ m 1 1 iL C|^)I '^ si<'i^  ^ win-miitlmi 0»4*r7 ii^iUfio 
mixivf^m mmh timt W 1 2 ^ I 
fiBBaa-:^ 4#*^ «t t TOE- rotmitio isiolaaioa o"! tli'ioron ^^•l»9, « -oiivSSttif 
mmm *»3*^ ^^  > i^cj ^ >^ ^ cg/|) A cg^) m^siKi 
i* ! • 3 *^® iBartetlcHi eneii timt | v 145. g • 
B5 
4.3.11 t <g A J)/ I • Cg / | ) A (I / i> ««»»• 2» I «aft 
I warn ¥»rietiis9 ami t^ot ^ 1 g A J . 
l>nH>f t g > (g / ^) I aal f ^ (¥ / J) I t5iiaf«f««f» 
( | / g)l Oii t!i0 otlier tiaaa g ^ (g '^  |> Z i.^ ii A | ) / i / I tiKirsfor© 
mts^* %3i»m4.%n g/<|A|> a. g / | *««iAsA^;i 
g / ^ tiios^fora m cojrlu^® 2 / 1^ '^  J^  1 1^ / P ' ^ ^i / 4 *^ 
IiaiBMfit 4.3*^ t flm follosririf! ©aiae-nplo eljews? tU© fojei^ of 
r9V9TBQ incltlQiOfl. 
thiia | A | • | « w > g / ( | A a > « g t g / I - 4j5» 
g / | • 4B aatthewfort g ^. Ai!i ^ Is • 43t)' 
thcttgia 4.3.13 i l^ te* ^ a^ VttritttiiNi g aaA J 
g / I • Cg^I)/I 
y»oof I TtiiB ie trivially %»>• ait»o J i g <<i^ »^nnf&8« 
g / f io not a«fi!i0d} aad 00 g • 2 ** 2 * 
2 i 2 A2 • 
of r^ voz^ e laQXasloxi* 
2 / i « i « 2 / i^^ic^ariy rM?/i$^& / i • S / ijJ-
(It | ] 1 1 • 
%mm 4»%i thmt g/ f I i / H* M] «»* V/lli /it* i] 
m&pmti^fQly* ^Sxme two lno i^imlitloo Is^ ilsr g f[^9 ^Js, 
( g / J ) / ^ ( 2 / 2 ) . 
fffllBirt '^^ ^ ^  * tlnoo io a fiomAmf oscanpXo for tho Mumvoo 
iiMiliuiioxi of ttiooroD 4*3.IS* 
•^3.16 I 2 / 1 X 2 ' < * I i 2 » 
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pipttflf • SoppOM oa ^19 oimtmssr j | ^ • | (oo^) is grontwr 
than g* 01««el3r i 2 ^ i ^ I '^**^^ ^ ^^ ooatmdiotioa i ^ ^ 
Hiiiry 4#3«17 I Uoofl g/J « 3 / i ^ « 2 ^ g i ^ l ^ | •» | ^ 
th® Qfjoaor lo cortaiaaiy •HO* ^ m ^m !iav» 
Il'^fc will a^»ia cts^ JarsafirnlL? g| » | | ni^ a. « |^ s ©g. 
S8 
m mmm^: vvtm 
msASmft^e ohseemttiv%m%tlwk of Q vnriatsr fitfit«o tbeit i t i@ 
a eXoao oloe«a mvlor ttu» fQeooftrion of haiMiaorpliio Ixaeieoi} (")> « 
ilabsFoups (^ 0 miti G&ttxml&A pe&SmtQ (0)* l%»mvw WB ooeio opsraeo 
such cXaQ&oii tbat esse waft QtmeA wAm: tho {^oration (^ )ff tiiOi^ 
thoy my tio elosod tneiov «i9 operixtiono (a) miA (O). iMe loS 
Jimtmt (300 tef. Lo;i, [69], jtojt (TO»] »&0««J , J7fJ ) to dofsno 
otimv "wsffiQt^ etarootiiroo e#f»« oarii^ saslotiy audi g'Uiariiwirioty, 
tn f set OQ!si923S'i©t^  i s a varietal tjtssKittao (of • rawde 
o . t . t ) with fciptlofitioi^ %Qm*^h (definitton o,i*?*^) mm^ 
nioaciviseioty io a Kwslotai otracturo tilth Is^lictttto-dKii l^ a^gt^  
m f l^to* liomrfer^ tim variety io a varietal f5t3 i^oti»» (liaplioa* 
tioi^a oii^s) ^ t h ii!^ XiQatiO!3ai loagth eero* Shon ido )i«yo 
Variety o ooaiimrioty O nmolimarioty 
Xo «to tfoiiBo of XolM^(44Jt!»oo imz'iotaX etrootiavHi azo 
obovactoriMa ao uaifoTB qiiaoipriBitivo oliooaoe (of* dofiaitioa 0«1»1^ 
«• iatrodooo aal dovoio^ oXightiy ooro ^oiioniUooA oloofi *t}io 
po«iidof«ilotr* viiiioli ooateiao tbo cfiiaiiiviirlotr* 
i»t g iw hMEO '^ w Cafii^tion onl e»«9{^«i of a poooaovtarioty* 
for toolmieaX totao iimilfei «» xefinr to ^0«2 and ^0»? • 
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votioty i f i t tsife bo ddfin^S by le^lio^ ioas of ttt tm&t GtMO^e^tm 
^gffltff * ^ ^ ^ ®<^ <^  d'i:iint:»l9ii for a pa^u^oimrioty i 
ftytale y.t.t t traritttien* ©onlvariotttsa ami qtkfieivartetloo 
lOiXeh asm not (luaaivas^otioe* 
K^MBialo £i«l«? i lit® &3i/m& Of nil f^eiilisaHy finite &Gapa in a 
variety foffi im OMTKslo <^ ^oudoi^siriaty (of» taeor^i 4»3ettmam 
.^ ffp*i.<y %^»3 t 411 luasi ^ l o i t i v i claGna^ of ^belioii gsmtpo 
fom pBm&wmtMii^ but aiot a l l of tiMir m^ mmlwmtetlfM 
(of* ^b»m*«i 4f 'Jbafaot (tuO ) • 
:^ i^f>riy»ia %im^ I liot ^ S | | £ •••^ '^  bo ml aooomlizig 
8O{|ii0iio« of imstotieo of grotiipo mA j — ^ ^ ^ their imloii* 
Tlmn. g i s a peoaaovwrioty (of tboor«cs 2» Sount^ ^ B*il» [^ O]) , 
JMBJIIflf %imb I . £i«t S bo A fioii»lctbl# oot of fioito gmiufn 
tlMm P('*) io a pooijAofuriotsr* 
JEBfllflt * P(^) ^ olooxly tho clmm of o i l s^iduiaiy f l ^ t o 
grospo onA so by iaMBpl« ^•I.S i@ a poouAovwrlotgr* 
70. 
5*2 iWMi li»aflg||fiiM.,JlHHittoTMrltt * 
tn tuts soctifm m atmll diaetim:* mmo t^eoult* <»i # pemm^ 
r&ti»^% tim^tms- ^t& ^m 00 m®v^ of looia anil coiiiitai>l» 
Qhmmit0K» {of. dBflnltKKio 0*1 .cit 0*1,9) «« xtmali that <|«aoi -
of coajita*lo otmrsietor* 
oiMiswstor tt^m no in PCp» 
C»iiiiffaftt nu.^i|?rlpltiif® eliwij) m& so £ «• P(g) (ooe Hot e^ 
5*2#2 t A ol^« I of ulg-obr^ ie ^ piiouAofWi«ty i f f 
ic i0 o T «^riet'°^  Btrmitm^ of eointf0 )^ln ebttsn»itor« 
fro^^ « I'ho disroot ?*aapt t» ol»9ioii&« f^ ocmvoroo pavttsitppoao 
I la not js poooAovaziotsr ttmn g mti i t f i^ inpliciKtioao of tHo 
font 
Wit losigth of («> ia unooantoMjf itiflMto* 
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length irtiich hold in ^  and let R be any algebra satisfying these, 
then every countable subalg^bra of R^ belongs to J, hence R p K > 
since K has countable character. Thus K is determined by its 
implications of countable lengths. 
Jheorem 5.2.3 : let K be a varietal structure of al^e^^ras all of 
whose subvarietalf- structures'containing K are pseudovarieties then 
K is a pseudovariety. 
Proof : Proof is imm^<iiate since K is smallest subclass 
containing K. 
Remark 5.2.1 : This theorem cannot be generalized as : *^ I^f all proper 
subvarietal structures of K are pseudovarieties then so is K^\ 
It is, for K may be chosen as varietal structure defined by impli-
cations of uncountably infinite length with having its all subvarietal 
structures as pseudovarieties. 
Theorem 5.2.4 s If a pseudovariety K has countabl^ infinite 
number of subpseudovarieties then every quasiprimitive subclass of 
K is a pseudovariety. 
Proof i Suppose P is a quasiprimitive subclass of |. which 
cannot be defined by implications of countable length. Then P 
satisfies implications of the type 
(a) Vx^, ,Xjjj (w^  =w'/v.-... AWJJ = wJ^A... ) > w a w'J 
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«^*9 AHA Wj^ 's art #3Loa<i»la of wotyi a^ eotacm ^n(3C|f •••§ ^ ) 
i%B«lf, S3ii0 Qo»tiraaiot8 €ho I« |^>ot)i^ t0* Heme tfie ttvitmns i s 
m Gdsm aorcss tins ii!3d&siseiiti<ma(l qa^qr «^ '^i^  linaimr foUoMi 
tttt^ry §»2«*l I Lot | lio a imrl^ty of JL-*"^ lit@l^ p«i mmh timt 
0^9:^ sol^ aoiMerfariotjp of i t | 3 ci ijiiistKivi^ iot^ * I» o^msj ®^^ 
fo '1^0 ofifif 100 flKito tliat a iiQtt-«ilNil£iiii aiXpotout mKrlot^ r | 
{jQ* *] }« fhii! iwV^T mmTtm ^it «aciBt«^ ioo of imfifiitoly m&^ 
oit^ttftolmriotioo of | tif «Ni»olliiiT U ^Hg^mt [70**]* 
llo» tHo following \mimpU> ohowo tlt^t Aii»ifor to oar ^^OMty 
i« nig«tti^« 
JIttiiiiki ^v^*^ * E "* Ik^BiM. ^ ^ iRiuriotjr oc nilpotoal grou^ 
of oxpimoii* 4« fliie hm inflnitolr m^m tmhqumlmmljs^em |^* 3e»** 
in fion of j^ -cj^ goins ftitfoooaioii* CTXaailj vM| io o otilsvnxlotAi 
otraotnv* of I oMUiii not o aoaoiYoirioty i^ ioo 9wmt9 $»1«4). 
oub-9 ovtiy ool^poooaovoi^o^ (in f«ot«4nB»iolr) lo /^  £ Til 
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(m MB m pMiitliro ixA&mr) of | le a ^onaivtariety* 
i» Moall sow the d«fiiiltioii 0«S«30 of tlio vnrioty £3 ^ * 
Zn this <$o<it«Hctt i t i s mtXX kao&a (of. rcBsaric 3 i^tmtmxtlifj) that 
Ofoiy ott&QitaBiviEiarioty ^ i% ^^9 n> i iiiei nor;}! irarlot^* ^nt 
for peaiia^mrlotjr i*0 or© omitieontdi ^•m & peohtm* 
Ssmm ^•'^^^^ * 10 owajy eab(>95a*tiJtmriot3r of voploty J^ ^^ ^ of 
fh« aaowQT to tmn tixobioo eoosi to tm imtv-^iim but 2 ao not 
alHSut vaiileh w Isav© nliroasly oaia» ^Mo Is for V^  ^ ^11 Smr?) 
only -Sivo al8!3oist ciicila iaolsrliic tuo oxiotoiico of ao pj^ pGa? oabifanot^r 
(of, ulirtfaat tX^J) • 
5*5 Catftgorle^ eti^ me t^orieifttlomi of a pooudovarloty t 
tbo ob^oet of t!ilo sootioa in to irovto tim oat<rorlQfil 
otmraotoriaatio la of et pooudo'viarioty* For bcioio totiio uood in tMs 
amtimt "» rofor to e ootimia 0*2 ond 0«^ to^th«r« mmtwr in 
l^ rffvliig thooxWKs we ma argun^ta fet^ a Jliafaat [69] and ^0^ 
HmglB •^3*1 t A foil, eutmimif I of 0 ill a pooitaoviirioty 
iff 
(t) for o'vory oot X iM f^tuCt) « f him a li^ (K:)-covwr • 
(^) A <&<Dt> I iffovory oouixtata^ goiioroit^ oulNaisotipa of A ia la 
Ob I 
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t Zf I i s a ^pomnSLwectivtf t^st eOl tho ocmdltKiiiB 
mw triirlally notisf iM* Cmtmm^ly QonAlttona. (I} noBoroe tHott 
I i s oa l!sp3Li<mtioi»il elann i&m thmvmn 1» ahafaot (691)• OonAi* 
tioa (a) ftuptlior ira^ : '\iiteoa tlmt | Is a pofita&ovsiarid^  by ^irtiM 
of timormi S»«2»2« 
^5*2 I 4 tall ffiifecateiroaey g of g lo a prioadovmioty 
(a) I ie coroflootiiro 
(b) for ©wry Eioao orphan A| <——•> A^ in g ^ g^ ^ ^ l^tplioo 
A t ! • ' ^ iiwors© lljsit of eoa^ably f i i i | ^ os? iafiisito liximroo 
COirootod iXtsmssme^) cyst<» 2 S S ic (scalm ia | • 
yyoef I Oonaitioa <ci) iispilies tlio oonditlon (1) of thooron 
5.S»1 lay viartuo of tlisoirosB It 'MsStmt [feDj« 1^ tdklng cottsstabC^ 
finite or iafinlto dlrootcid do«iKiard oyotOEi t^ dtli a l l tii^o fiioiia''ior» 
l«ilc aaa aloo opicjas^Mc iUi pirtsloiilurt -m am that coMltioa (b) 
SAtiefioe (2) of tli©arws i>#3,f• IfaUDO ^ *^* » pujadovt^lety. 
Oonv^ooXy i f | la a pootKlQimrioty dofined by t ttma. | 
iQ oorofloetiiro by theoson If ^Mifwit [§9j« Cioos^ ainso ^ ia 
•ubidLgo^ gni oloood so fix^t {Mirt of eonditioa (b) ia aatlBfiod* For 
•ooond porlt ooaoidoi* H « ^ ' A os tuo diroot proaiact in c 
Ae I 
of al l objoots appoariinf ia g» I»ot ci^  i H ——> A bo tbo 
ViwjootloaB anl f bo tine Qongxuoiioo ovor k g»isai?atod liy 
(^•ft«j^  t ^m^* f ) | f I -~->A, 4 0 H ] . fhwi 
0^^  I 1—.> f^  Ill > A pr^iridos tbo iawtiso liadLt of g vthmm 
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ifovd •qtmtloii in 4 t i ir^ ticfiag over tlio sot of natuvfa aaeiboxo* 
W|^C@I t • • 90 )^ « «^ C0| • • • • f 0JQ) iet ^ti&fiod in f Mmm 
iWWWWtiiHI—iilLil'iilr t r m n i m iWOtiwiiotlaWI—**••««• 1111*1 r m M w n a l l l K W K — X a l 
doflnitioiiB of ttma® tomm Im vlo«f of hisfaat Ijfj • 
Dfl^i,zilti^ :i»4.t t sa lapUoatloifel. ^iQ^m (vas^etnl fitruottiro) | 
Has fi!2lto l^ aoie lacopotfty (flip) for ©tsiatioaa If idLtMii | ovo»y 
&3m%m of OQiiAtioai in o fiaito wmtmf of irarinbioa ip oqal^snioal 
to ft finlto o|«t«B in «ho • imriaM^. 
iitoao'tii'i^jr wo o^sr 9 
JiQallML9«4#l* • I ts finltol^r hemoA (f»%.) i f ovory cooivii* 
oaoo ofor o flaitoly goawratod Cf*g) ol^ obaRi A & ! ^^  '^  ''ft* 
OlOMagoteft of A KA • 
Za still otbor tonie no qaoto» 
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of an eUatiixm of | i s ttaitQty peoeonflod* 
@iUi30 ^ os!^ {^nation ie r^i laptjL&rs^ iim tut amt ocmvovnol^ r 
«« ci^ ^mrtHim ttyn tfxsms^^ defi»&tii»i8 as follows i 
p^^nit i i^ 5»4.8 • a 'TOPtotal otRietm?© | tmo f•tj^ p* for it© 
iii^oatioiio If witMa g ovory ii^licufeioa owsr a wmQi'*^fjalim% 
^itiJ} i s aoniF?i5iof^ o tiadto t»«^ fior of iOiiiio-'moafJ owaa? lfi2-< )^» 
:^ tiivna.ci£ifci^  § 
;,W^^^,ff!l 'i-^.s* t 5 a-io f,b*p tir fc:> Ji io a f.r:. •T>c:«-^ -^ <^ <'<>f 
la fSif^ offoas^  tosa30» 
J@fiiiiti<m 5*4«2>» « I ic f«tj# if &mv^ f.c* £^^ 9*^ y^ eHA€i2 o:^  
WfiJiK) io tjiOooTortMo inaco of in^ | • 
10 civ® 003© mm. pleo of f SMtoa^ feiood varlot.!\l. ctrautaroo 
fr<M3 iilisifmit to] QM .feLrm Haiwuni;^  (^TI • 
fr^ afi?rtt 5«4.l I vi'Jvor;^  ioe-^lly fliiito Icpiicntioaol oloiso bao f.b.p. 
t>.4»2 t ! 1 ^ ola0£} of til abOiia ^  grooi^ Imo fvbap* for 
isrplieatioBB* 
5«4«5 • ThB elann of comatit iiro cimioiac Haa f•b.p for 
iaplioatlonB* 
5«4»4 I All finitely b^ iood vstriotioo ara oxair{pl«o of 
ip^priotal otrttatuTO «iith f»b«p. ®.5>t allpotofit imriotsr aa4 cJroo© 
Tisrioty oto* 
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9,4*f i tfoxar fnil3>va3?i«^  of m vsseivi^ J ie ftait«iy 
%tm9A i f f »i»ie>iii»i ei>ii£iiti«it tofOiatt fi»* fmisr intRTiAOt fia^gsud^ 
©tntotitm I i@ fialt^ls' i^ioiid i f f Qal^«» eonaitioa tioMo for 
li^ qgay^  S«4*1 t S!»} ia^<^ <^ tl^ itoyom S.^sS enn b^ fartjaiifitod 
ia a aatoral is^ mnor fso^ ttmt of pTmjmltiim %&*i • 
Wo MomiQS in tMe @«oti<m tbm iattioo of oi l pooiiio « 
^fiKlotioo of mUl^reSSit^ i^emm ^^ ^ ^iixm tlimt tlii0 inttioo in 
iSO 03P|^0 t o t ^ i s l^ iOO Cilvj. 1 t < ^ * \ 2 ) ) Of tOl iaOtOO o f 
2;'*'xa iiiiiro ^^  aoaiTi iiot of po^itivo na^mmn^ imhi^im a 
f^r eoaooptmil. 1»Q0](ir(niiid wo rofor to ^.ofinitieiw 0#1«2 to 
0,1,6 igiiioh iiiso ti38Tonoa fx*oti :s6mmm Q^^aad ^ l^ofiiot [tlj^* 
§•$•1 I Ail pBouaovoxlotioo of solYiablo gvoupo Mvo 
^MOitoElotioo m& ttMlr lattioo i« i»ai^ :«5aliio to tiao io^ioo 
CV 1 t i^^X2}) of i4ool« of S^X 2 tfitoro .^ ^ tfoaotiMi tHe^t 
of pooltivt iato^iw iootitdiiiff A tMMT sovo olflneat oojr 0 andor 
A^/ Ace No. Vit'^ X 
%f T \ T ^ ^ ' ^ 
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^gqnf t i^nUflOT to ttm Qys^io^ 0 in tlio luttieo wiftei? 
ooa0id«mtiim g» oim def im n unit cso • 
Ijet g tKi thQ oiotio of (proupo aaS n oot of orSoxo of 
fiiilto eyoUc isroupo la g • .afjoaoo r wfofCo^or ^ f cKJ^ jordiiiu 
OS g coactaliio infisilto ojr^iio JE^ HS^ O or not* «?o define |g| 
m ta® ordiss^ pair Clfl^ mSL o^S.'i It tlioi^os? i^ g • I t io 
oaay to oboor^ «mt |g| lo oa idcmS. of :fx2 if g io 
olotJQil wstHQt^ ttM2 fosEsatioa of tm^^roai^ Q»a (lj»t«^iaii ijirodiioto, 
llQw ^m «©oa3J. ttoo® ^12, too^a faotOt Fiistly oror^ atjolimi 
CPOttp io t te union «^ ooa!itatjlo acooall:^ o&dla of di»cot pw>a»ioto 
of oswlie eroapo# OooonOay tlio tmlon of a ocu36tiJ3lo rmon^^m 
ehsdm taiS pootiSofurlotioo to a pooutoi^ s^siotsr* ®!i£il^ oiniry 
oolvablo ©coat <^ loi^ls X io tHo (-t-l )«6top i^toaoiosi of 
alseiiaii ip'Otipo* 
(t) A yicrr\'V^i>u.e^ jtsmi&QV&H^t^ of oolimMo groips ootviioto 
of fiiiito cxxt02ioi<^ iD Of a l l tho tmioao of .'ooritaiao ooeQuAing 
ohoifto of dizect prodooto of itn o:/clic £:XOI^ Q« ^oi?oforo i t 
Qfta %e aot«ml:ie»a 1^ i ts &eSm:« 
Siippooo i II ? » If* liet o (g) t» tito oot of inplie»* 
tions 0^ I acP ^ 1 —--> yP^^^ m% t a ^ 9 , ©(a) i© tHo lax^ot 
mBlMir t a 9 ^ t not oaKtooAiag a* Xt io oiioy to iwovo (of* 
ptroof of tbwnrau 1» stsafmit \y%] ) thot tlio ordor of «iuo8i"* 
imriotar | | Aofiaod tor ^(g) ooiasiaoo «^th g • Hsme 1^ 
Ttjrtuo of poragraplm (*) g ** |{ • ^^^^ provM tho thoojroBi • 
79 
]RJSP!SRSIIQHS3 
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On the bases for laws of finite groups of small orders 
By R. D. GIRI (Aligarh) 
§ 1. Preliminaires 
The finite basis problem, 'wliether all the laws of a given group are derivable 
^ from a iSnrte set'. Is found to hold in aSicmadve foe considerably many cases. One 
of them is' every finite group has a finite basis for it^ laws (cf. [1], 52. 12). 
In this note we work out the bases for laws of finite groups of small orders, 
namely ^ 1 5 . However, one can obtain even beyond 15 in the light of this note.*) 
We shall denote by Var (wj, ..., w^), the variety generated by the laws Wi= 
= 1, ..., w, = l. Rest of the notations are adopted from [1]. 
The key result of this section is the following: 
Theorem 1.1. (12. 12. [1]). Every word w (the left hand side of the law w-l) 
is equivalent to a pair of words, one of the form x'", mSQ and the other a commutator 
word. 
Corollary 1.2. 2l„, an abelian variety of exponent n, has the basis for its laws 
x", [x,y]. 
The laws of all cyclic groups C„ ( l S n S l 5 ) , abelian groups of order 4 and 9, 
abehan groups of order 8 (C4XC2and C2XC2XC2) and abelian group of order 12 
(C2XC2XC3) are easily obtainable by corollary 1.2. Hence we only tabulate the 
non-abelian groups, namely, Q^, D^, D^, D^, D^, D^, A^ and M = g p {x,y\x^=\. 
§ 2. Variety generated by the giv^n group 
In this section we study what varieties are generated by the groups mentioned 
in Table 1.3. 
Lemma 2.1. (54. 23, [1]). Var e8=Var D4. 
*) DR. SHEILA MACDONALD has informed me (with the comments on my manuscript) that 
her student MR. RICHARD LEVINGSTON has been successful in enhancing my work till the order 
-=32 in the light of my note and [3] p. 134. Any way I record Mr. Levingston's gratitude for drawing 
my attention to his worlc through his supervisor. 
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1.3. Table Non-abelian groups 
1. 
2. 
3. 
4. 
Order n 
« = 8 
n = 2m, 3 s m 
n = n 
n=l2 
Theorem 2.2. 
! S 7 
VarZ)4 
Nature 
Qs 
A, 
M 
=9IiA9l 
BP{X: 
2-
= 1, 
= 1, 
= / 
= 1, 
Presentations 
y'=h x" = 
= 1} 
x^ = 
X" 
x~ X' 
-'} 
PROOF. D^ is clearly metabelian group of exponent 4, i.e., Var D^^SSH^^. Further 
we note that it is nilpotent of class 2, i.e., [x^, x^,, Xg] is a law in D^, hence Var D^'^'Si^-
Concludingly Var D^ ^ ^liA^la. On the other hand if we consider a group G C^IAS^a 
that generates the variety '3I|A9l2, then !G|*) = 8, hence G eVar D^, that is, ^ IIA^la ^ 
g V a r A . Thus we have, VarD^ = 2I|A9l2. 
Remark: Var D^T^'HI as 9t| is not generated by any one of its finitely generated 
free groups in view of 16.36 of [1]. 
Theorem 2.3. VarZ)p=3lp2l2 vv/jere p is an odd prime. 
PROOF. By presentation of Dj,; Dp^Slp-atj, hence Var Dp^SIpStg. Conversely 
consider any group G of order 2p in ^p'^H^. Obviously this group G is non-abelian 
of order 2p hence isomorphic to Dp. Therefore Slp^tj^ Var D^. Hence the theorem. 
Corollary 2.4. Var D^ = %s-'^2 = Var D^. 
PROOF. Allowing / j=3 in theorem 2.3, we have Var jD3=9l39t2. But since 
Dg = D3XC2 (cf. Problem 5.38 (iii) [2]) and Cg is the subgroup of D3 so VarD6 = 
=Var 1)3. 
Theorem 2.5. Var A^^'H^'il^. 
PROOF. Since Ai = (C2XC2) — by — C3, so Var ^4^912-213. In view of 24.64 
and 15.61 of [1] 'iWils is locally finite. So 51.41, [1]; guarantees that ^2213 is generated 
by its critical groups. Clearly any critical group of 9 (^2^3 is of order 12*). Now 
to choose G as D^ is out of question because D^ will not generate SIj • 9I3. Also since 
M (cf. Table 1.3) is of exponent 12 so G^M. Thus GeVar^4 or VarG = 
^StgiilagVar ^4. This completes the proof 
Theorem 2.6. Var M = 'H^-'H^XISH^. 
*) \G\ = 8 is trivial. Because G is evidently a 2-group and \G\ >2^. Thus either |G| > 2 ' or |G| s 2 ^ 
For the first case |GI = 2'+", a ^ l , vi'ithout loss of generality let a = l so that |G|=2S hence G has a 
monolith factor Dt so in view of 53.72 of [1] it has exponent 8 i.e., G $ 3li, a contradiction. In second 
case \G\ is exactly 8 as G is non-abelian and |C| = 2^  is impossible. 
*) Clearly |G| = T'-y. As G is of exponent 6 the maximum value of ^ is 1. Now a can achieve 
value > 1 , as a = l gives G = 03^83 which means G6Slants. Further a=»2 asserts G is of exponent 
12 in view of 53.72 of [I]. Hence only possible value of a is 2 and 1G| = 12. 
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PROOF. Clearly 'H^'il^W'^Hi E Var M. On the other hand M is a split extension 
of C3 — by — Q so in view of 24.62, [1], Var M is locally finite, as it is metabelian 
Vof exponent 12. Hence Var M is generated by its critical group G. Obviously G 
may have order 12, 6 and 4. But in view of lemma 51.37 of [1] M is not critical so 
G may have order 4 and 6 only. M, a fortiori, is the subdirect product of C4 and 5*3. 
So critical groups are S3 and C4. Hence Var M QSH^^^y^h- This completes the 
proof of the theorem. 
§ 3. The laws characterizing a group 
In order to study the laws characterizing a group A we study the laws in Var A. 
In §2 we have studied SIlAiRa, ^ p ^ 2 , %% (for example '&.,'Hs) where qT^l; p, q 
are distinct primes and SlgSIaV^^. We study the laws of these varieties. 
Theorem 3.1. 'illh'H^ = y&r {x\ [x\ y]}. 
PROOF: Clearly var {X*, [x^J']}g 211A9t2. But 2t|A9fl2 = var {(xV)' , t-^ , J^= ^]} = 
=var {x*, [x, yY, [x ,^ y% [x, y, z]}. So to establish the reverse inclusion it suffices 
to show that [x, y, z]=>[x^, y]. Clearly [x^,y] = x''^'[x,y]-X'[x,y] by 33.34 of [1]. 
Also x~^•[x,y]-X'[x,y] = x"^• [x, j ] ~ ' • x• [x,y]; as commutators have order 2 in 
l^lA^Ra = [x, [x, y]\. So [x, [x, j ] ] =[x% y]. But [x, y, z]=>[x, [x, y]]. Hence [x, y, z]=> 
=>[x\ y], concluding SliA^ij g var {x*, [x^ y]}. 
Theorem 3.2. %-^^ = var {x^ "^, [x ,^ y% 
PROOF. The sets for laws of 91^ and Stj are U= {x^, [x, y]} and V= {x ,^ [x, y]} 
respectively. But as x^=>[x, y] so V—{x^}. In view of 21.12 of [1] the basis for laws 
of 21^21, is U(V)={x^P,[x\y^]}. 
Theorem 3.3.2Ip • 21, = Var {x"^, [x, y]", [x', j ' ] } where p, q are distinct primes, 
qv^l. 
PROOF. The sets for laws of 21^ and 21, are U= {x', [x, y]} and F = {x«, [x, y]} 
respectively. So laws of 2tp2tg are given by the set 
C/(F) = {x''«,[x«,j«], [x,yy, [[x,y], [z, w]]}. 
But [[x, y], [z, w]] is implied by [x ,^ y^] indicating that q would be 2, a contradic-
tion. Thus U(V)={x'"', [x*, j«], [x, j^ JP} is the required basis for laws, proving the 
theorem. 
Theorem 3.4. 2t3.2l2V2r4 = Var {x^ ,^ [x, yf, [x^y^l [x^y]}. 
PROOF. In view of 15.83 it is immediate by inspection. 
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§ 4. Bases for the laws 
Groups of order 1 are all isomorphic to the trivial group for which the basis A 
for laws is x. For all abelian groups (cyclic or non-cyclic) of order n the basis for 
laws is {x", \x, j]}. We tabulate here the laws of different non-abelian groups of 
order S i 5 . 
S. No 
1 
2 
3 
4 
5 
6 
7 
Group 
i>3 
D^ 
D4,Qs 
r>. 
D, 
JTI.4 
M 
Order 
6 
12 
8 
10 
14 
12 
12 
x\ 
x\ 
X*, 
x" . 
x" , 
x\ 
x^\ 
Basis for laws 
[^^/] 
[x^ y'] 
[x\y] 
[x\y'] 
[x\y'] 
[x',y% [x,yf 
[x, yf, [x\ y\ \x\y\ 
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A THEOREM ON JOIN VARIETIES OF GROUPS 
By R. D. Giri 
The join of two f. b. varieties of groups need not be f.b. is a well-known 
fact, but no example is known so far to testify this. 
Bryant has, however, characterized that, 
(i) If ^ is a variety of groups and 9^ is a nilpotent variety, then the join 
•variety fifyT is f. b. iff ^ is f. b. see [1] 
Cii) Let ^ be a f. b. variety and 5^ , a vaughan Lee variety (a subvariety of 
^^d<ajr^. Then the join variety f^\/T is f. b. (see [2]). 
Denoting varieties by doubly-underlined Roman Capitals and using the notations 
of [2], we give the following general characterization of the join of two varieties. 
This includes (i). 
THEOREM. If^is a variety in which an identity [[x^,—,x^, [x^^^^, x^j^^] is 
satisfied and "^ is arbitrary then fl^\/'j^ is f. b. iff fSi' is / . b. 
PROOF. C::^ ) ^VT" is f. b. by assumption. Moreover, since ^ is f. b, (see [3]}, 
^ A ^ is f.b. because as subvariety it again satisfies the law [[x^^.—.xj, [x^_^_y, 
•^m+2^^' Hence by Lemma 4 of [1] ^ is f.b. 
«=) Conversely for m>i2, the laws, 
(a) [[x^.y^]-, K+^.y„+iU 
(b) [[x^,-.x^^i].lyi,-.y„+i]}. 
•can easily be seen to be the consequences of the law [[AIJ, " s x j , [x^+i.^^+alJ* 
Hence the set of laws T" defining the variety 3^ includes Tm+i^^'^' T^+i^^y 
where Xrm+iCX'')ir^^i(J5^)' have their usual meanings as in [2].In other words 
"5^ is the subvariety of J^j)i,;\0(,^^. Since ^ is f. b. by assumption in this 
case, therefore, in particular by (ii) t^WlT is f. b. 
The author is grateful to his supervisor prof. M. A. Kazim for encouragement 
and help in the preparation of this note. 
* / . b. = Finitely issed. 
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R. D. GIRI 
ABSTRACT. Shafaat introduced two successive generalisations of the 
variety of algebras: namely the semivariety and the quasivariety. We study 
a slightly more generalised concept which we call a pseudovariety. 
1. Introduction. Quasiprimitive classes of algebras were characterized by 
Isbell [3] as the category of algebras closed under the formation of subalgebras, 
isomorphs and cartesian products. Shafaat [9] further divided them into two 
subclasses: (i) uniform quasiprimitive classes and (ii) nonuniform quasiprimitive 
classes. 
A quasiprimitive class C is called uniform, if there exists a cardinal A^  such 
that an algebra .4 G C iff every subalgebra of A generated by N elements is in C . 
Otherwise we call C nonuniform. Shafaat [7] called these uniform quasiprimitive 
classes implicationally defined (or simply implicational) classes of algebras, because 
they are characterizable by a set of implications. Since all the known examples 
of implicational classes, say variety, semivariety and quasivariety etc., end with the 
term 'variety', we assign the name varietal structure to an impUcational class. 
We study here a natural generalisation of the concept of a quasivariety which 
we call a pseudovariety. Let W(, wj, w and w' be J2-words (i.e. elements of the 
word algebra W^(X) of some arbitrary set X (see [7, p. 137]). Then formulae 
, w,. = w/ and w = w' are called equations. A sentence of the form 
VX[(wj = w'j A • • • A w^ = w^) —>w = w'] 
is called an identical impHcation. The part on the left of the arrow (—>) is 
called the 'data' and that on the right of '—>•' is called the 'consequence'. Omit-
ting quantifiers and brackets we write 
Wj = w'l A • • • A w^ = w^ —*w = w'. 
Let iJj and /?2 denote the sets of 'data' and 'consequence' respectively. Then a 
statement VZ(i?j —^^^2) ™ y^ ^^ interpreted: every solution of/?j is also a 
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solution of/?2. The length of an implication is defined as the cardinality of ^ j . 
REMARK 1.1. Identities (namely identical relations) are implications of^  
length zero, that is, i?j = 0. Equivalently identities consist only of the conse-
quence part of the form w = w'. However, they can be regarded as implications * 
(of any finite length) with the data consisting of sufficiently many equations of 
the form v = v. 
DEFINITION 1.2. The implicational length of a varietal structure is defined 
to be the least cardinal N such that it may be defined by implications of length 
not exceeding N. Thus the impUcational length of a variety is zero and of a semi-
variety is one, while a quasivariety has finite implicational length (see [6], [7], 
[11] and [12]). 
DEFINITION 1.3. A varietal structure is called a pseudovariety if it may be 
defined by impUcations of at most countable length. We refer to §3 for its _^  
examples. 
REMARK 1.4. Clearly 
varieties C semivarieties C quasivarieties C pseudovarieties. 
2. Notation. Doubly underlined Latin letters denote classes of algebras, 
categories or quasiprimitive classes of algebras. Q(K^) denotes the quasiprimitive 
class generated by ^ , that is, the class of all algebras that are embeddable in car-
tesian products of algebras of ^. 
Ob Q is the class of objects of category C. 
W^(X) is the J2-word algebra over an arbitrary set X (cf. [1, p. 116]). 
L(i,{X) is the lattice of congruences p over W^(X) such that W^iX)/p is an 
algebra of C. 
alg('i> 2^» • • • ) stands for the algebra generated by / j , / j , . . • . 
laws V denotes the set of all laws satisfied in variety V. 
imp K stands for the set of all implications satisfied in varietal structure K. 
r-ideal is a two-sided ideal which is mapped into itself by every endomor-
phism of W^(X). 
Sy(L) is the lattice of all join subsemilattices(i) of the lattice L. 
3. Examples. 
3.1. Varieties, semivarieties and quasivarieties are examples of pseudo-
varieties. But here we give some examples of pseudovariety which are not quasi-
varieties. 
3.2. The classes of all residually finite groups in a variety form an example 
of a pseudovariety (cf. [5, Theorem 4]). 
(1) A join (meet) subsemilattice of a lattice (i;V, A) is a subset of L closed under fi- % 
nite joins (meets). A join (meet) subsemilattice will be called complete if it is closed under in-
finite joins (meets). 
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3.3. All quasiprimltive classes of abelian groups are pseudovarieties but not 
in of them are quasivarieties (cf. [9, Theorem 4]). 
3.4. Let FQ C Kj C • • • be an ascending sequence of varieties of groups and 
U=y Vi be their union. Then £ is a pseudovariety (cf. [5, Theorem 2]). 
3.5. Let S be the countable set of finite groups. Then Q{S) is a pseudo-
variety. 
PROOF. QiS) is clearly the class of all residually finite groups and so, by 
3.2, is a pseudovariety. 
4. Some properties. In this section, we shall discuss some properties of a 
pseudovariety. As is well known, a class C is said to have local character (cf. 
Neumann [5]) provided an algebra 4^ e C iff every finitely generated subalgebra 
of v4 is in C. If we replace the term finitely generated by countably generated we 
^ y that class C_ is of countable character. Further we know that quasiprimltive 
subcategories of quasiprimltive categories are quasiprimltive categories (cf. Shafaat 
[9]). Using this fact in the definitions of local and countable character, we con-
clude that quasivarieties are of local character and pseudovarieties are of countable 
character. 
LEMMA 4.1. IfK is a varietal structure of countable character then so is 
PROOF. This is trivial since J^  = QiK) by definition, provided K_ itself 
is quasiprimltive. 
THEOREM 4.2. A class K of algebras is a pseudovariety iffK is a varietal 
structure of countable character. 
•^  PROOF. The direct part is obvious. For the converse part suppose K is not 
a pseudovariety. Then K_ satisfies impUcations of the form 
(a) VJfi x„[{wi=w\N"- ^w^=w'^ ^"')-^w = w'] 
where the w,.'s etc. are the elements of the word algebra ^^n^x^.x^ Jc„) and 
the length of (a) is uncountably infinite. 
Let /? be an uncountable algebra of real numbers such that R^K_. Consider 
at most a countable number of values / j , / j , . . . of the words Wj, W j , . . . re-
spectively in R. Then alg(/j, / j , . . . ) = S is a countably generated subalgebra of 
R. Clearly S&K_ because the countable union of countable sets is countable. 
Thus there are algebras not in K_ and all of whose countably generated subalgebras 
are in ^ . Hence K_ is not of countable character, which leads to a contradiction to 
^ r assumption. 
THEOREM 4 J . Let Kbea varietal structure of algebras all of whose sub-
varietal structures containing K are pseudovarieties then K is a pseudovariety. 
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PROOF. Clearly K^ is the smallest subclass containing K, which is, a fortioji, 
the pseudovariety. 
REMARK. This theorem cannot be generalized as: if all subvarietal struc-
tures of ^ are pseudovarieties then so is K. It is, for K may be chosen as a varietal 
structure defined by implicaitons of uncountably infinite length with all its sub-
varietal structures as pseudovarieties, e.g. K=R, namely the class of all real 
algebras. 
THEOREM 4.4. If a pseudovariety ^hasa countably infinite number of 
subpseudovarieties then every quasiprimitive subclass ofK is a pseudovariety. 
PROOF. Suppose Q is a quasiprimitive subclass of K which cannot be defined 
by implications of countable length. Then Q satisfies implications of the type 
(a) V x i , . . . ,x„ [(wi=w\A"' Aw„=w'^ A'--)-^w = w'] 
where (pi) has cardinality greater than or equal to l^ g, the w/s and wj's are ele-
ments of the word algebra W^(xi, . . . ,x„). 
To each implication (a) of Q we can associate uncountably many sub-
pseudovarieties, because we can choose uncountably many sets S, of implications 
of countable length from (a). In this way Q has uncountably many subpseudo-
varieties and so has K itself. This contradicts the hypothesis. Hence the theorem 
is proved. 
Through our study we came across a query: 
QUERY 4.5. Let ^ be a variety of fl-algebras such that every subpseudo-
variety of it is a quasivariety. Is every subvarietal structure of ^  a quasivariety? 
To this end, we note that a nonabelian, nilpotent variety ^ of finite expo-
nent n (n>2) of groups is locally finite and has some nonresidually finite groups 
(cf. remark to Corollary 1 of Shafaat [10]). This further asserts the existence of 
infinitely many subquasivarieties of ^ by Corollary 1 of Shafaat [10]. 
Now the following example shows that the answer to our query is negative: 
EXAMPLES 4.6. K = N^ A B^^ is a variety of nilpotent goups of exponent 4. 
This has infinitely many subquasivarieties W^,W^,. . .in view of the foregoing 
discussion. Clearly \/Wj is a subvarietal structure of K which is not a quasivariety 
(see Example 3.4). However, every subpseudovariety (in fact subvariety) N^ A 
^Am ("^  ^^  * positive integer) of ^ is a quasivariety. 
As in Shafaat [12] , ^ „ „ stands for the variety of algebras satisfying the 
system of identities 
<t>i(Wi(Xi,...,x„) w^iXi,...,x„y) = Xf, l < i < n , 
Wf(,<t>iixi,... ,x^),..., 0 „ (x i , . . . ,x„))=Xj, 1 <j<m. 
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v^re the 0,'s are «, w-ary operations and Wj's are m, n-aiy operations. 
In Remark 3 of his paper [12] Shafaat proves that every subquasivariety of 
Jfj „, rt > 1, is a semivariety. But for pseudovarieties we are confronted with a 
problem: 
PROBLEM 4.7. Is every subpseudovariety of variety V^^ of algebras, m > 
l,n> l,z quasivariety? 
The answer to this problem seems to be negative but I do not find an 
example. 
REMARK 4.8. In the case when m = 1,« > 1 the answer is affirmative as 
ifj „ will have only a two element chain implying the existence of no proper 
subvariety (see, Introduction of [12]). 
>- 5. Categorical view. For basic terminology of universal algebra and cate-
gory theory we refer the reader to Cohn [1 ] and Mitchell [4] respectively. 
Our object is to prove two categorical characterisations of pseudovariety. 
We frequently use the ideas of Shafaat [9] and [7] in our arguments. 
THEOREM 5.1. A full subcategory KofQ is a pseudovariety iff 
(1) for every set X and p G Lc(X), p has a LK(X)<over, 
(2) A & Ob K iff every countably generated subalgebra of A is in Ob K. 
PROOF. If X^  is a pseudovariety then all the conditions are trivially satis-
fied. Conversely condition (1) ensures that K is an implicational class (see [7, 
Theorem 1]). Condition (2) guarantees that ^ is a pseudovariety by virtue of 
Theorem 4.2. ~ 
THEOREM 5.2. A full subcategory KofC is a pseudovariety iff 
(a) K is coreflective, 
(b) for every monomorphism A^ —* A2 in £, A2 ^ K implies Ai e K. 
And inverse limit of countably finite or infinite directed downward system DCK 
is again in K. 
PROOF. Condition (a) implies the condition (1) of Theorem 5.1 by virtue 
of Therorm 1 of Shafaat [7]. By taking countably finite or infinite directed 
downward systems with all maps monomorphic and then epimorphic in particular, 
we see that condition (b) satisfies (2) of Theorem 5.1. Hence ^ is a pseudo-
variety. 
Conversely if J^  is a pseudovariety defined by S then K is an implicational 
class which further implies that K is coreflective by Theorem 1 of Shafaat [7]. 
>Cleariy since ^  is a subalgebra closed, the first part of condition (b) is satisfied. 
For the second part, consider G = n^eo -^  as the direct product in Cof all 
objects appearing in D. Let a^: Q —^ A be the projections and p be the congru-
58 R. D. GIRI 
ence over A generated by {((^a^, qa^ • f)\f: B—*A, q GQ}. Then j3^: 
p—*-Q—*A provides the inverse limit of D where t is the injection map. 
need to show that pGK. 
Let (wj = w'j A • • • A w^ = w^ A • • • ) —*• w = w' be an implication in 
S and w,(aj , . . . ,a^) = wKa^,...,a^) be the word equations in A. i varying 
over the set of natural numbers. Since a^ is projection and D is directed down-
ward we see Wj-Cej,..., e„) = w, ' (e , , . . . , e^) is satisfied in p where a^^^^ = 
cy, ey e p, 1 < / < m. Since A satisfies S, w ( e i , . . . . e^) = w'Cej, . . . . e^) 
is valid in p. Hence the inverse limit p of D again lies in K. 
6. Finite basis property. Shafaat [11] defines an impHcational class A' to 
have finite basis property (fbp) for equations if within K every system of equatioift 
in a finite number of variables is equivalent to a finite system in those variables. 
Alternatively, every congruence over a finitely generated (f.g.) algebra 4^ S ^ is a 
f.g. subalgebra of .4 x .4. In still other terms every f.g. subalgebra of an algebra 
of K is finitely presented. 
Since every equation is an implication but not conversely, we can general-
ise the foregoing concept as follows: 
A varietal structure J^  has a finite basis property for its impUcations, if 
within K every implication over a word algebra W^(X) is derivable by a finite 
number of implications over WQ(X). Equivalently imp^ is a f.g. T-ideal of 
W^(X). In still other terms every f.g. T-ideal of W^(X)is a homomorphic image 
of imp K. 
EXAMPLES. We give some examples of finitely based varietal structures from 
[11] and [6]. 
6.1. Every locally finite implicational class has fbp. 
6.2. The class of all abelian groups has fbp for implications. 
6.3. The class of commutative monoids has fbp for impHcations. 
6.4. All finitely based varieties are examples of varietal structure with fbp, 
e.g. nilpotent variety, metabehan variety, and Cross-variety, etc. 
From [6] it is well-known that every subvariety of a variety Y is finitely 
based iff the maximum condition holds for fully invariant subgroups of the word 
group X^ containing laws V. This observation can be generalised as follows: 
Every subvarietal structure of a varietal structure K is finitely based iff the 
maximum condition holds for J-ideals of W^(X) containing imp K. Its proof 
can be formulated in a natural manner. 
7. Lattices. For conceptual background we refer to Cohn [1] and Shafaat 
[12]. I 
THEOREM 7.1. All pseudovarieties of solvable groups are quasivarieties and* 
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tMir lattice is isomorphic to the lattice {Sy, <,(Z^ x 2)) of ideals ofZ^ x 2 
wfiere Z^ denotes the set of positive integers including a new zero, say 0, under 
the order relation < of division. 
PROOF. Similar to the symbol 0 in the lattice under consideration we can 
define a unit «>. 
Let G be the class of groups and M be the set of orders of finite cyclic 
groups in G. Assume P = {0, <»} or {0} according as Q contains infinite cyclic 
groups or not. We define |G| as the ordered pair <M, P> and call it the order of 
G. It is easy to observe that \G\ is an ideal of Z"*" x 2 if G is closed under the 
formation of subgroups and cartesian products. 
Now we recall three well-known facts. Firstly, every abeUan group is the 
union of a countable ascending chain of direct products of cyclic groups. Second-
ly, the union of a countable ascending chain of pseudovarieties is a pseudovariety. 
Thirdly, every solvable group of length / is the (/ - l)-step extension of abehan 
groups. 
(*) Thus every pseudovariety of solvable groups consists of finite extensions 
of all the unions of countable ascending chains of direct products of its cyclic 
groups. Therefore, it can be determined by its order. 
Suppose MUP = N. Let 2 ( 0 be the set of implications a„: x" = 1 - ^ 
jc^(") =r I, n EN, 6{n) is the largest number in A'^  but not exceeding n. It is 
easy to prove (cf. Proof of Theorem 1 in Shafaat [12]) that the order 
quasivariety H defined by S(G) coincides with G. Hence by virtue of paragraph 
(*) G = H. This proves the theorem. 
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